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Abstract

This paper considers an on-the-job search model that includes wage bargaining
and employer-employee mismatch. There are two states of workers in relationship
to their fit for a particular job, good match versus bad match (mismatch). These
states change in accordance with a stochastic process. There are two main results;
the first is that the turnover level that workers find optimal is lower than the
socially optimal level. The second is that the level of the firm’s entry is not optimal
even though the Hosios condition is hold. The first result is clearly distinct from
previous studies.
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1. Introduction

Many authors have studied job-to-job transitions. Most of these studies are based on
on-the-job search models. On-the-job search models have welfare implications for the
efficiency of turnover decisions. In the case of a wage bargaining model where firms
bargain a wage contract with an encountered worker (for example, [6], [11], and [13]), the
turnover decisions by workers become socially optimal because high-productivity firms
offer higher wages than low-productivity firms.

This paper’s purpose is to show that the turnover decision is not socially optimal,
even though a wage contract determined by the bargaining process, if it involves a mis-
match between a worker and a firm in an on-the-job search model with wage bargaining.
This study also shows that the levels of job-to-job transitions are underrepresented in a
decentralized economy. The central assumption of this paper is that the worker’s state
is changed by a shock, which implies that the productivity of a worker-firm pair is either
high or low. These results imply the necessity of a policy that induces workers to move
to a more productive firm, which is clearly distinct with the result of previous literatures.

Several examples support this assumption. Young-aged workers have a comparative
advantage for a physical work while older workers have a comparative advantage for
skilled work. When a young worker matches with a firm specializing in physical tasks, it
is a good match. However, if the worker grows old, this match is no longer good. Another
example is a change of preferences for working hours. The worker’s perceived disutility
from working hours can be triggered by some shocks, such as a childbirth and marriage.
If the disutility is low, she/he prefers to work long hours in a full-time job and earns
a high wage. On the other hand, if the disutility is high, she/he chooses to work short
hours in a part-time job earning low wages. In the latter case, childbirth switches her /his
preference to work, motivating her /him to move to a part-time job from a full-time job.
Some empirical studies ([3], [9], [7], and [12]) have suggested that, for working hours of
one’s choice, people switch between full-time jobs and part-time jobs.

I develop a tractable on-the-job search model with firms of type L or type S and

workers of state [ or state s. Let (¢,7) denote a pair of a state i worker and a type j



worker. Pairs (I,5) and (s, L) suffer from mismatch and produce low output. Worker’s
states switch back and forth between type [ and type s when a shock occurs, causing or
eliminating a mismatch. A mismatched worker, while on the job, is allowed to search for
a new firm and decides whether to quit and move to a new firm or stay in the current
firm when finding the new firm. In this decision, the worker chooses either to eliminate
the current mismatch by moving or to wait for a good match in the future by staying
at the current firm. If the current pair is already a mismatch, the mismatch may be
eliminated by a shock in the future. Alternatively, even through the current pair may
not be mismatched at present, they become mismatched by a shock later. Moreover, a
low-productivity pair may become a high-productivity pair after a shock, of vice versa.

In equilibrium, some workers stay in a low-productivity firm because they expect that
the current pair will become a good-match in the near future. The worker’s behavior
regarding turnover is classified into three types; (i) they continue to stay type L firms
regardless of their worker type, (ii) they continue to stay type S firms regardless of their
worker type, and (iii) they continue to move no matter when the current pair becomes
mismatched.

This paper finds two important implication from the present study. One regards a
worker’s decision on turnover. Fewer workers choose the third type of behavior in a
decentralized economy than in a socially efficient economy. The reasoning behind this
phenomenon is that workers do not take into consideration the future poaching firm’s
capital gains from the future turnover. When a worker moves to a well-matched firm,
she/he will suffer from mismatch if her/his state changes after moving. She/he can then
eliminate the new mismatch by moving to a new suitable firm again, but the value of this
turnover is underestimated because a part of the capital gains from this turnover goes to
the new poaching firm. Thus, the value of a well-matched pair is underestimated as well.

In contrast to this paper’s findings, other research found the worker’s decision on
turnover to be optimal in on-the-job search models with wage bargaining ([6], [11], and
[13]). Similarly to this paper’s findings, however, they suggested that part of the capital
gains from turnover went to the poaching firm. The difference between this paper’s model

and the previous models is that productivity is changed in accordance with a stochastic



process in this model while productivity of a worker-firm pair was constant in the previous
models.

The second implication is that the number -of firm entering the labor market is not
socially optimal because both labor market tightness and the ratio of type L firms to type
S firms are distorted. In this paper, besides the well -known congestion externalities, a
new source of distortion occurs in that both firms and workers under estimate the firm’s
capital gain from poaching. This is the same intuition as the above proposition. This
proposition implies that the number of a firm’s entry is not socially optimal even if the
Hosios condition is held.

As another source of distortion, some studies showed that a worker’s turnover decision
was inefficient. [11] showed that the level of turnover was inefficient in Nash bargaining
in the double breach, and that they presented the efficiency wage bargaining model.
Regardless of the single breach case or their model of wage bargaining, this paper shows
that the level of turnover was inefficient. [5] showed that the level of turnover exceeded
the optimal level because workers put excess effort into the- on-the-job search. This
study’s model assumes that effort for on-the-job search is exogenous. [2] showed that the
level of turnover was below the optimal level when workers were risk-averse; this differs
from the present study, in which workers are risk-neutral. In wage postings, where firms
post a wage contract and commit to it before meeting workers (For example, [4]), the
turnover decision by workers is not socially optimal. Because a wage is dispersed, high-
productivity firms may post lower wage than low-productivity firms and workers may
move to low-productivity firms from high-productivity firms.

This article is organized as follows. Section II presents the basic framework. Section
ITI defines the partial equilibrium in which both the rate of matches for workers and
the rate of matches for vacancies are exogenous, and then demonstrates the welfare
implications. In section IV, the paper expands its consideration to the general equilibrium
model in which, by the free entry condition, contract rates are endogenously determined.
This section shows both the existence of this equilibrium and the two welfare implications

for a firm’s entry.



2. The Model

A. Environment

This study uses a continuous time model with search. For simplicity, the study discusses
only a steady state. The number of workers is normalized to unity and they are infinitely
lived. At any given point in time, workers are in one of two states: [ state or s state.
A worker switches back and forth between the two states via exogenous shocks: 7,
represents the rate of a shock that turns from state [ to state s, while 7w is the rate of a
shock that turns in the reverse direction. These rates vary among workers. Firms choose
either type L or type S at entry, given the two types of workers. The number of firms is
determined by the free entry condition.

To focus attention on job-to-job transition patterns, no separation is assumed for
employed workers®, implying that in the steady-state, no one is unemployed.

A pair’s output varies by the matched pattern. This study assumes that an L firm
matched with an [ worker can gain higher profit than one matched with an s worker, and
in the same manner, an S firm matched with an s worker can gain higher profit than one
matched with an [ worker. Let an instantaneous surplus produced by an ¢ state worker
and a j type firm denote y;;. This study assumes that the order of instantaneous surplus

is defined by ;1 > yis and yss > Ysr..

matching technology

To eliminate mismatches, workers are allowed to search while they are on the job. This
study, for simplicity, assumes that the cost of the search is zero, which encourages work-
ers to constantly look for better jobs?. Any vacancy and worker, regardless of being
unemployed or employed, come together via a matching technology pu(1,v) where 1 is
the number of workers and v is the number of vacancies. The function p(1,v) is twice

differentiable and increasing in its arguments, and it exhibits constant returns to scale.

'When separation occurs endogenously, the lower separation rate implies that the unemployment is
lower. Even though the exogenous job separation is incorporated into the model, the main implications
remain the same

2[15] discusses the case of endogenous search intensity.



The flow rate of matches for a vacancy is then obtained p(1,v)/v = ¢(0), where ¢(0)
is a differentiable decreasing function, and § = v/1 is the tightness of the labor mar-
ket. It also immediately follows from the constant returns to scale assumption that the
flow rate of matches for a worker is u(1,v)/1 = 0q(0) = p(f). In addition, this study
also makes the standard Inada-type assumptions on p(1,v), which ensures that 0¢q(0) is
increasing function and that limg_,« ¢(6) = 0,limg_0q(#) = oo, limy_. Og(f) = 0, and
limgy .o 0q(f) = oco. Let v denote a fraction of L type firms; accordingly, the effective
arrival rate of a job offer from a L type firm is v0q(6). For convenience, I denote v8q(0)

as pr, (1 —7)0q(0) as ps.
B. Wage Contract Determination

This study assumes that a wage contract is determined by the bargaining model offered
by [6]. T discuss for other bargaining form in later. They constructed an explicit model
including an on-the-job search that allowed the incumbent firm to pose a wage counter-
offer to its worker. This study uses the following notations: U; is the value for an
unemployed worker of type ¢, W; is the value for a worker of type ¢ working with a type
J firm, V; is the value of a vacancy owned by a firm of type j, and J;; is the value of a
type j job filled in by a worker of type ¢. Additionally, this study defines 7;; as the total
value of match, which implies T;; = W;; + J;;. Upon encountering a worker, a firm offers
the worker a wage depending on the worker’s type, which is then written into a wage
contract.

The bargaining process for an employed worker is not as simple as the standard
process. When an employed worker contacts an outside firm, a trilateral wage bargaining
game among the poaching firm j, the employed worker i, and the incumbent firm j’
occurs.® The game of bargaining has two steps described below.

The first step is to play a second price auction game between the two firms. There
are two possible cases: the total surplus with the incumbent firm is higher than with the

poaching firm, T;; > T, or a reverse case, 1;; < T;;;. Because no employer will pay more

3In [6], the wage is determined by the Rubinstein-type infinite-horizontal game of the strategic bar-
gaining.



than match productivity, then the incumbent firm ¢ can continue to employ the worker if
T;; > T;y, and the poaching firm ¢’ can hire the worker if T;; < T;;. Moreover, the firm
with larger T does not have an incentive to pay its worker over the maximum wage that
the counterpart firm with smaller 7" can pay, which ensures W (w) = T} if T;; > T}, or
W(w) =T, it T;; < T;y.

At the second step, the employed worker is allowed to renegotiate with a firm, so
the outcome of this renegotiation is determined through the standard Nash bargaining
process, in which the threat value of the worker is the value of employment under the
wage which is offered by another firm on first step or the total value of a match. Then,

if T;; > T;;, the bargaining over the wage solves:
Wij(wi;) = Ty + B(Tiy — Tiyr), (1)

where (3 represents a worker’s bargaining power.

(1) shows that the value of the employed worker contracting the wage w;; consists of
the outside option value, that is, the total value of matching between the ¢ worker and
the j/ firm, plus a share [ of the social capital gain (7;; — T;;).

The result of the wage bargaining game is summarized as follows,

(i) If T;; > Ty and Wy; > T, + B(Ti; — T5j), the worker keeps the current wage
contract w with firm i, because the current wage is best for her/him. Then, after
the bargaining, the worker’s value Wj;, the incumbent firm’s value J;;, and the
poaching firm’s value jij/ are,

Wij = Wij, Jij = Jig, Jiy = 0. (2)

(ii) If T;; > T;y and W;; < T30 + B(T;; — Tijr), the worker obtains a wage rise from
her/his current employer because the new wage determined by the wage bargaining

is more profitable for the worker than the old wage.

Then, after the bargaining new values are,

Wij = Ty + B(Ty; — Tyyr), Jij = (1= B)(Ti; — Tiyr), Jijp = 0. (3)



(iii) If T;; < T;jr, the worker moves to the poaching firm. Then, after the bargaining

values are,
Wij =Ty + B(Tyy — Tig), Jij = 0, Jiyy = (1= B)(Tiy — Tyy). (4)

The result (iii) means that the wage for the poaching firm is higher as the total value

with the incumbent firm is higher.

3. Partial Equilibrium

[0 This section’s purpose is twofold; the first purpose is to define and characterize partial
equilibrium of the decentralized economy in which the labor market tightness (6) is
taken as given. The second purpose is to show the novel result, which is different from
6], in that the level of turnover in market equilibrium is not efficient. Analyzing the
general equilibrium framework with frictions when 6 is determined endogenously is more
complex; therefore, this study first reduces to the tractable partial equilibrium model,

later extending to the general equilibrium model.

A. Basic Bellman Equation

This study now develops expressions for various value functions. Workers and firms
discount the future at the common rate r. It is assumed, for convenience, that a worker’s
instantaneous utility is linear in the income flow(the wage for an employed worker).

It begins with the value of a worker of type ¢ employed in a type j firm as follows:

rWij = wij + o Wiy = Wig) + Y pp(Wiy = Wiy), i #17. (5)

j'=L,S
The second term on the right-hand side represents the expected capital change with rate
Tz by switching to state ¢/. The final term is the expected capital gain with rate p;
by encountering a new firm through on-the-job search activities, and the values for each

type of firms filling in a vacancy are given:

rdiy = is — wig + mar(Joy — Jg) + Y ppe(Jiy = Jig). (6)
j/:{L’S}



These value functions are constructed in a similar manner to those for an employee. The
first terms on the right-hand side of (6) represents instantaneous profit, the second term
is the expected capital change by switching to the worker’s state, and the final term
indicates the expected capital loss with the rate p; throughout the wage competition
against another firm.

To focus attention on job-to-job transition patterns, this study assumes that both the
value of unemployment and the value of holding an open vacancy are sufficient low; this
implies that no one chooses to be unemployed voluntarily.*.

The next section incorporates the free-entry conditions into the model, which thereby

ensures that the value of holding an open vacancy is zero.

B. Equilibrium in Decentralized Economy

There are three patterns of the worker’s turnover behaviors, which is a policy function of
her /his states and types of the current and new firms, depending on the combination of
her/his parameters (7, ).

The first behavior pattern is called ”Perfect Separation Behavior”(PSB) characterized
by a worker always trying to match with a suitable firm. If an s type worker originally
working in an S type firm and turns out to be [ type, she/he quits the S type firm and
starts to search for a job in L type firms on the job. Then, the condition for PSB is
Ty, > Tis and Ty, < T,g, which implies that the total value of a non-mismatched pair is
higher than that of a mismatched pair.

The second pattern is referred to as “Stay at L-firm Behavior”(SLB) characterized by
any worker’s, regardless of worker type, preferring to stay in L firms. The s type worker
who frequently switches to [ type (high my) chooses to stay in the L type firm. If a [ type
worker working in an L type firm turns out to be the s type, the worker remains in the
L type firm. Then, the condition of SLB is T;;, > T;s and Ty, > T,g, which implies that
the total value of a worker-type L firm pair is higher than that of a worker-type S firm

pair.

“In the next section, the value of holding an open vacancy (V;) is zero with the free-entry condition.
Meanwhile, the low value of unemployment is feasible if the benefit of unemployment is low.



The final one is symmetric to the second one, referred to as ”Stay at S-firm Behav-
ior”(SSB), which is characterized by any worker’s, regardless of the worker type, prefer-
ring to stay in S firms. Then, the condition of SSB is T}, < T;s and T,;, < Tsg, which
implies that the value of a worker-type S firm pair is higher than that of a worker-type
L firm pair.

According to the process of bargaining, the conditions determining these turnover

patterns are summarized as follows:

o IfT);, >Ts and Ty, < Tyg, the turnover pattern is PSB,
o IfT);, >Ts and Ty, > Tyg, the turnover pattern is SLB,

o IfT;, <Tis and Ty, < Tyg, the turnover pattern is SSB.

Workers change jobs if and only if the total value of a match with a newly encountered
firm exceeds that of the current firm.

Next this study calculates the total values of a match and illustrate the ranges of
points (7, mg) within which each turnover pattern occurs. The expression for the total

value T}, can be derived from the sum of (5) and (6),
rTi, =y + ms(Tsr — Tir) + ps max{B(Tis — Tiz),0}. (7)

The final term represents the expected capital gain by a type [ worker’s movement to a
type S firm. The worker obtain the capital gain from her/his turnover if 5(T;s — T}1) is
positive. The new firm also obtains the capital gain, (1 — 3)(T}s — T;1). Then, the total
capital gain from her/his turnover is Tjs — 1}y

Similarly, Ty, T;s and T,g are given:

TTsL = YsL + 7T-sl(iTlL - TsL) + Ps max{ﬂ(TsS - TSL)? 0}7 (8)
rTis = yis + ms(Tss — Tis) + pr max{B(Tir — Tis), 0}, 9)
7’TSS = Yss + 7Tsl(frlS - TSS) + pL max{ﬁ(TsS - T5L>7 0} (10>

The turnover decision depends on the signs of the differences, T;;, — T;s and T,5 — Tr,.

This study denote 3,1, —y1s as A; > 0 and y,5 —ysz, as Ay > 0. The conditions for workers

10



choosing the PSB are,

ANy —m(Tos — Tor) (11)
r+ms+ OBpr

Ay —7mg(Tip — Tir)
r+7a+0ps

Ti, —Tis =

Tss — Ty = (12)

(11) and (12) imply the expected net gain by switching to a non-mismatched firm
from a mismatched firm.

Using (7)-(10), a worker’s pattern of turnover is determined.
Proposition 1 The properties of the turnover patterns are illustrated as follows,

(1) In the ms — g space, there exists a threshold (w}(mg), 7S (7s)) (formally defined
T, = Tis and Ty, = Tsp) such that,
(yiL — Y1s)(ms + Bps + 1) (yir — yis)ma + (Bpr + 1) (Ysr, — Yss)

mi(mat) = Yss — Ysi. and iy (M) = Yss — YsL '

(i) For any (ms, 7s),

o Ifmj(mg) > ms > mF(mg), then the behavior of the worker is PSB
o [fmi(mg) > ms, then the behavior of the worker is SLB

o Ifms > 7 (mg), then the behavior of the worker is SSB

The proof of Proposition 1 appears in Appendix. This argument is illustrated in figure
1. 7f(mq) and 7}, (7s) is increasing function, and =}, > 7/ for any 7y

Proposition 1 has two important implications. First, any worker who frequently
changes from type [ to type s (which means 7, is quite high) but seldom changes from
type s to type [ (which means 7y is quite low), chooses the SSB. Even through an [
type worker moves to an L firm to eliminate the mismatch, because the worker more
frequently changes to type s, the worker soon suffers from mismatch with the L firm by
a change to type s. Therefore, this worker’s optimal behavior is not to move to the L

type firm. Meanwhile, workers who are high 7 and low 7, are more likely to choose the
SLB.

11



Secondly, the comparative statics exercise illustrates that the higher bargaining power
of workers (higher () or the higher arrival rate for workers (higher p) shifts locus 77 (74)
upward but 7}, (7s) downward, causing the dominance of PSB. This implies that the
differences, T, — 1;s and T,s — Ty, are increasing functions for 5 and p.

There are two effects of the bargaining power on the turnover decisions for workers
whose optimal choice is PSB. The study is restricted to the turnover behavior of an [
worker in an S firm. Currently, they are mismatched. According to the third term on the
right-hand side of (9), an increase in the bargaining power raises the mismatched value
Tis. From (11), however, the total capital gain T;;, — T;s decreases. This effect is called
the direct effect.

The second effect of the bargaining power comes through a channel of the direct
effect for an s worker. According to (8), an increase in the bargaining power raises the
mismatched value T, which leads to an increase in T,;, — 1}, from the second term on
the right-hand side of (7), thereby the non-mismatched value 7j;. It implies a reduction
of the extent of the capital loss. Then, the total capital gain T;;, — T;s increases. This
effect is called the indirect effect.

Similarly, there are the direct and indirect effects for a s type worker; T,s — Tip,
decreases from the direct effect but increases from the indirect effect. The sign of T;;, —T;s
depends on the measure of Tss — Tjs; that is, Tj;, — T is positive if m(Tss — Tis) < 4.
The indirect effect has a significant role in efficiency (discussed in detail in subsection C).
The same argument can be applied in a case of an increase in p.

The next section deals with the solution for a social planner problem, and then the
study demonstrates that the turnover decision in the decentralized economy is different

from the social optimal decision.

C. Social Planner Problem for the Turnover

The purpose of this sub-section is to illustrate the efficient conditions of the turnover and
to show that the level of the turnover in a decentralized economy is lower than the level
determined by the social planner.

The number of type [ workers are denoted as E; and type s workers similarly are

12



denoted as E. For convenience, the numbers reach the level of steady state, then FEj
equals 7y /(g +ms) and Eg equals m /(7 +m,) with steady state conditions 7y (1—E;) =
msEs. Let Ej; denote the number of type 7 workers in type j firms.

The total surplus can be written as:

TS = / e’”{ElLylL -+ Elsyls —+ Essyss -+ EsLysL}dt — C(UL + Us). (13)
t=0

The total surplus is equal to the total flows of net output minus the vacancy cost. The

efficient turnover is calculated to maximize the TS subject with the following equations:

1 1
Eij :/ / éijdﬂlsdﬂ—sla i = {Z,S},j = {L, S} (14)
0 0

where ¢;; represents the law of motion of the number of type i workers working in a type
j firm characterized by (s, 7).

The law of motion of ¢;;, and eyg are,

eir, = prpres + maesr — (ms + (1 — pn)ps)er (15)
ess = psiisest + msers — (mg + (1 — ps)pr)ess, (16)

where uy, € [0,1] is the probability that a type [ worker who faces a choice between a L
firm or a S firm decides to move to the L firm, and ps € [0, 1] is the probability that a
type s worker facing the same choice decides to move to the S firm.

TS is maximized with respect to py and ug, subject to (13), (14), e;s = ¢, — €;,, and

es;, = €5 — €s5. The optimal uy and pg are as follows,

)
1 z’fms<(7rs’+ZZ+T)Al
a4 ps+71)A
=4 (0.1) if m = DI a7)
Cr)A
0 Z'f7TZS>(7TSl+pAS+T) l>
\ S
and
( A A,
1 if me > Z+X)L+T)
, WSAJrS + 1) A,
ps =1 (0,1) if my — TS Lt ) (18)

aA o)A,
o if m < AU O

13



(Appendix B contains more detail.)

Proposition 2 abstracts these conditions.

Proposition 2 There are the two loci of points such that 7j,(ms) = ANf(7me + ps + 1)/ As
and 7 (mg) = (Ama+ As(pr +71))/As. The efficient turnover patterns are characterized

below;
o [f7f(mg) > ms > TS (ma), then the turnover pattern of the worker is PSB
o [fm (mg) > ms, then the turnover pattern of the worker is SLB
o [fms > 7)(mg), then the turnover pattern of the worker is SSB

This argument is illustrated in figure 2. The social planner deals with the cost of mismatch
because that if a worker’s type changes, her/his productivity is lowered. If p; is higher,
the cost of the mismatch is lower because the worker’s transition to a new job is very
easy, and the expected period of mismatch is very short.

The study compares the social planner’s solution and the decentralized economy’s

solution.

Proposition 3 If firms have the bargaining power (8 # 1), the efficient domain of PSB

1s larger than the domain of PSB in the decentralized economy.

The shaded areas in figure 2 represent differences between the domain of PSB in the
social planner and the domain of PSB in the decentralized economy.

Proposition 3 is clearly different from the result of [6]. In their model, independently
of the worker’s bargaining power, the social planner’s decision for the turnover is equal
to the worker’s decision. Proposition 3 implies that there exist workers who should have
moved to non-mismatch poaching firms.

From (7) to (10), the worker’s capital gains from turnover is part of the total capital
gain. Meanwhile, the social planner considers not only the worker’s capital gains but also
the poaching firm’s capital gains. Then, the value of turnover for the social planner is the

total capital gain. This means that workers underestimate the value of the third term on

14



the right-hand side of (7) to (10). Thus, from based upon Proposition 1, the differences,
Ty, —Tis and Tys — Ty, are smaller than those determined by the social planner.

In a case where workers have monopolistic bargaining power § = 1, there is no
difference between their decision and the social planner’s decision. This results from the
worker’s gain being equal to the total capital gain from turnover (and the poaching firm’s
gain is zero), then the differences in the decentralized economy equal the one determined
by the social planner.

In [6], similarly to this study’s model, the worker’s value of turnover is different
from the social planner’s value. However, their model showed only the direct effect on
T, —T)s and Tys — Ty, through a change of 3 in the denominator of (11) and (12) because
a productivity change resulting from a shock is not incorporated into their model. The
direct effect does not change the sign of the differences, T;;, —T;s and Tss — Tz, Moreover,
in their model, both workers and the social planner always look for a better match and
move to a high productivity firm because the matching quality dose not switch back and
forth between mismatch and non-mismatch in a given firm. Therefore, the order of the
total values of each firm for a worker coincides with that for the social planner’s.

This proposition implies that labor market policies that cause turnover may improve

a social efficiency.

4. General Equilibrium

In this section, the study expands to consider the general equilibrium model in which
labor market tightness is determined by the free entry condition and derives welfare

implications for the firm’s entry.

A. Free Entry Condition

The Inada condition for the matching function guarantees an existence of the firm’s entry.
This study demonstrates that there are both L type and S type firms.
A firm with an unfilled vacancy can gain a profit when the firm meets an employed

worker who is hired by a different type of firm and it succeeds at poaching her/him. If
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the firm poaches an employed worker from the same type of firms, it does not gain at all
because the firm has to compete with the incumbent firm, leading to zero profit.

Then, there are two cases where a type L firm can gain a profit. The first case is that
the firm meets a type [ worker who chooses PSB and works in a type S firm. The second
case is that the firm meets any type of worker who chooses SLB and works in a type S
firm.

Thus, the value of a type L firm with a vacancy, V, is as follows:

W?S
Vi, =—c+q(l—-p5) [// (T, — Tis)ews (mys, mor ) dmsdmy,
7rz"*

s
+ // {(Tir — Tis)ews(ms, ma) + (Tsp — Tis)ess(ms, ﬂ-sl)}dﬂ—lsdﬂ-sl}a (19)

where ¢ is the firm’s instantaneous search cost. The first double integral term is the
expected capital gain by meeting a type [ employed worker who chooses PSB and works
in a type S firm, and the second double integral term is the expected capital gain by
meeting a worker who chooses SLB.

Similarly, the value of a type S firm with a vacancy, Vs is as follows,
s
TVS =—c+ q<1 - ﬂ) |:// (TsS - TsL)esL(ﬂ—lsa Wsl)d’]rlsdﬂsl
e
+ // {(Tis — Tip)ew(ms, ma) + (Tos — Top)esr(ms, Wsl)}dﬂ-lsdﬂ'sl} : (20)
s

This study considers the steady-state equilibrium where both L type and S type firms
exist. There are two conditions that allow firms to enter freely. The first condition is
that the expected value of a type L vacancy equals that of a type S vacancy, that is,
Vi, = Vs. From (7) to (10), this condition is rewritten,

N e
// Adﬂlsd’ﬂsl—i—// Bd’/Tls’/TSl—// Cdmsdwsl:O, (21)
e s
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where

A {(BpL + 7 +1)A = msAsters — {(Bpr + ms + 1) A — TqAi}ess
(pr + ms +7)(BpL + Tg + 1) — Ty ’
{(Bps + g +1)A; — mAsters — {(Bpr + ms + 1) Ay — TaArtesr
(BpL + s + 1) (Bps + Ta + 1) — Ty ’
O — {(Bps + ms +1)A — g }Yesr, — {(ps + T + 1) — M Agter
(Bps + ms +7)(Bps + T + 1) — MisTy '

B =

The calculation of the number of each type worker e;; in the steady state appears in
Appendix C. In the steady state, no worker who chooses SLB works in S firms, and in a
similar manner, no worker who chooses SSB works in L firms.

The proposition for existence of this equilibrium can be derived.

Proposition 4 When there are workers who chooses PSB, there exist both type L firms
and type S firms.

The logic behind proposition is very simple. A firm can gain profit if and only if the
firm can poach a worker from another type firm. Then, if the number of type L firms
increases, the expected capital gain of a type S firm’s vacancy increases because it is
easier to find an employed worker working in a type L firm. Meanwhile, that of a type L
firm’s vacancy decreases because it it more likely to meet an employed worker from the
same type firm. Moreover, if there are no type L firms, type S firms can not gain profits
at all, which discourages them from entry. This mechanism guarantees that there exist
the two types of firms.

The second free entry condition is that both expected values of type L vacancies and

type S vacancies are zero. Then, from (19) and (20)

r s s {(ﬁps + e + T>Al - 7TlsAs}elS
=q(1 — Admgdmg + // dmsdms } )
¢ q< ﬁ) -// st Ty (5PL + s + T) (ﬁps + 7o + T) — MsTsl sl

(22)

[ Tis {(ﬁpL + s + T>As - ﬂ-slAl}esL
c=q(1l— Cdmdm +// dmsdmg|.
l P) / /w;; : : e (Bpr + ms +7)(Bps + T + 1) — WsTy : l}
(23)
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The Inada condition ensures the existence of the interior of solution according to (22)

and (23).
B. Social Planner Problem for the Firm Entry

This study compares the level of firm’s entry in the decentralized economy to that of the
social optimal level.

From p; = vp(f) and ps = (1 — v)p(f), the social planner’s problem for the ratio of
the type L vacancies to type S vacancies (= ) and the market tightness 6 is defined as

follows,
max / e_’"t{/ / {yiceir +yis(er — ein) + Yssess + ysnes — Gss)}dﬂzsdﬂsl)}dt (24)
0 Jo
s.t. e = prpres + msesr — (ms + (1 — pr)ps)ewr (25)
and eis = pspsest + msers — (s + (1 — ps)pr)ess, (26)

The solution for the above problem appears in Appendices D and E.
The optimal level of ~ is,

N s
// A/dﬂlsdﬂsl+// B/dﬂ-lsﬂ-sl _// Cf/dTrlsdTrsl =0 (27)
i #,

{lpr + 7 +7)A — mAsters — {(pr + mis + 1) Ay — T }ess
(P + ms +7)(pr + T + 1) — Ty

B — {(ps + 7 + 1)1 — msAsters — {(pr 4+ ms + 1) Ay — i }es
(pr + M +7)(ps + T + 1) — Ty

o — {ps +ms +1)As = maAiYes, — {(ps + 7a + 1) A — mAsterr

(ps + s + 1) (ps + Tor + 1) — TisTal '

where, A =

Y

Y

Comparing with (21), A = A, B = B’, and C' = C' when workers have a monopolistic
bargaining power (§ = 1). Then the study can obtain the following,

Proposition 5 When workers have monopolistic bargaining power(3 = 1), the ratio of
the type L vacancies to type S vacancies is optimal, but when the firms have any bargaining

power(3 < 1), the ratio is not optimal.

The logic is similar to that of proposition 2. In a decentralized economy, the values of

poaching workers which are determined by, T;;, — T;s and Tis — Ty, are underestimated
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because workers do not consider a poaching firm’s capital gain from the future turnover.
In addition, the extent of the underestimation is different between T;;, —T;s and Tyg— T,y
It implies that the difference between the optimal number of firms and the number of
firms in a decentralized economy is different between the type L vacancies and type S
vacancies. Then, the ratio of type L vacancies to type S vacancies in a decentralized
economy does not equal the social optimal ratio.

In a search model with two sectors, [1] showed a similar proposition, the ratio of a
firm’s entry in the two sectors was not optimal. Unlike this study’s model, he assumed
that the fixed cost was different in each sectors. Then, the holdup problem lowered the
firm’s entry in the high fixed cost sector.

The optimal level of 0 is,

7 s A — A
C:M/[//l A/dmsdwsﬂr//l (pL{(szr?Tser?“) 1 — msAgters dﬂ-lsdﬂ-sli|; (28)
.

+ s + 1) (ps + Te +T) — TsTy

s A, — Ta
C :I[L, |:// Cldﬂ'lsdﬂ'sl + // ! ( {(pL + s + T) S Tsl l}esL dﬂ'lsdﬂ'sl] . (29)
i, i

pr + s +17)(ps + Ty + 1) — Ty

Comparing these two equations with (22) and (23) is more complicate. For the terms in
the bracket, (28) and (29) equal (22) and (23) if § = 1. This follows a similar logic to
that of Proposition 5.

Meanwhile, for the term outside the brackets, (28) and (29) equal (22) and (23),
respectively when 3 = —(¢'(0)0)/q(), which called Hosios condition®.

Proposition 6 In a decentralized economy, the level of market tightness cannot achieve

the optimal level without unless the elasticity of the matching function is one.

This proposition implies that the level of market tightness is not optimal even if the
Hosios condition is held. This model has two sources of distortion for a firm’s entry. The
first is the congestion externality, which can be eliminated by the Hosios condition. The
second is the underestimation of the total capital gain from poaching that is the sum of
the worker’s capital gain and firm’s capital gain. According to proposition 2, the total

capital gain from turnover is efficient only if workers have monopolistic bargaining power.

®See Hosios [10] and Pissarides [14].
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Thus, if and only if workers have monopolistic bargain power and the elasticity of the

matching function equals one, market tightness is the optimal level.

C. Alternative Bargaining Procedure

The main propositions, Proposition 3, 5, and 6, can be applicable to [8]’s, [11]’s, and [13]’s
bargaining procedure. The wage is determined by standard general Nash bargaining in
8] and [13]. In [11]%, either workers or firms have monopolistic bargaining power. Their
bargaining procedures have two properties similar to the procedure in this paper. (i)
workers move to a firm of the higher total value. (ii) total value functions under [8]’s
and [13]’s are the same form to this paper’s , and total value functions under [11]’s are
(8 = = case of this paper’s. Then, from the same logic in this paper, proposition 1 and

later propositions hold under [8]’s, [11]’s, and [13]’s.

5. Conclusion

This study has developed an on-the-job search model with wage bargaining that involves
a shock that changes the worker’s states. The study demonstrated the welfare implication
when the level of turnover is socially inefficient. This inefficiency results from a part of
capital gain from turnover going to a poaching firm, discouraging a worker from switching
firms. Besides the welfare implication on turnover decisions, this study demonstrated that
the levels of the firm’s entry were not optimal. Also, the firm’s capital gain from poaching
decreases because another poaching firm in the future may capture a part of future capital
gain from the original turnover.

Finally, this study briefly discusses a policy implication regarding a hiring subsidy.
A hiring subsidy is defined here as a temporary subsidy to firms in hiring a worker.
This subsidy causes workers to turn over because the total value of a worker increases.
According to proposition 2, the level of turnover is lower than the optimal level, making
this effect positive for social welfare.

Beside the decision of turnover, the hiring subsidy affects the level of a firm’s entry.

6Their model analyzes more general case, involving the double breach.
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The hiring subsidy encourages the firm’s entry, because the poaching firms take a part of
the subsidy. It has an ambiguous effect on the social surplus because there are two possi-
ble cases of a firm’s entry; one case is the over-entry and the other case is the under-entry,
depending on the worker’s bargaining power. In the case where the worker’s bargaining
power is greater than the Hosios condition, the hiring subsidy certainly improves social
welfare according to Proposition 6. This results from the level of the firm’s entry being
lower than the optimal level from the two sources, the congestion externality and un-
derestimation of the capital gain from turnover. Then, the subsidy can correct both the

turnover decision and the level of the firm’s entry.
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Appendix

A

Proof of Proposition 1

Conditions for PSB

Conditions for PSB are 1T;;, > 1}s and T, < T,g. Total values of PSB are,

rTin = yir + ms(Top — Tir),

1Tor, = Ysp + ma(Tip — Tsr) + psf(Tes — Tsr),
rTis = yis + ms(Tss — Tis) + prB(Ti — Tis),
1Tss = Yss + ma(Tis — Tss).

Conditions for PSB are rewritten by taking the following steps;

step

step

1 From (A-1) and (A-3), Ti1(ms, ms1) — Tis(ms, ms1) s,

A+ s (Top (ms, ma) — Tss(ms, Ts1))
r+pLﬁ+7rls

T'lL (ﬂ-ls» Wsl) - 7}5’(77-157 7Tsl) = ; (A_5)
where A; =y, —yis and Ay = yog —ysr. From Ty < Tg, Ty (ms, ma) — Tis(mis, Ts1)
is a decreasing function for 7. T, —Ts < 0 if m)y — oo, and Tjp, —T;s > 0 if w3 = 0.
Then there are unique 7}, (7g) as Tin(n),, 7a) = Tis(m, ma) and T (ms, mg) >
Tis(ms, me) if and only if 7/, (7g) > ms. Using (A-1) to (A-4), simple algebra gives,

Ay(mg +r+ Ops)
Ay

. (A-6)

7Tl*s(7TSl) =
2 The condition Ty, < Tyg is rewritten. From (A-2) and (A-4), Tss(ms, m5) —
Tor (s, Tar) is;

Ag + ma(Tis(ms, mg) — Ti(ms, 7s1))
T+ pSﬂ + sl

TSS(WZS’ 7Tsl) - TSL(ﬂ_ls: Wsl) = (A_7)

Similarly to step 1, Tys(ms, ms1) — Tsr(ms, ms) is the decreasing function for my
from ES(T‘-Zsaﬂ-sl) < 7le<7rlsa7Tsl>~ TSS(ﬂ-ls’Trsl) - TsL(ﬂ-ls;ﬂ-sl) < 0if g1 — OQ, and
Tos(ms, ms1) — Tsp(ms, mg) < 0 if mg = 0. Then there are 7% /(m); Tss(ms, 75) =
Tor(ms, m%) Using (A-1) to (A-4), simple algebra gives:

_ Ayl (ms) + As(r + o)

N . (A-8)

Ts

Tss > Ty, if the worker’s parameters (s, mg) satisfy 7%(m,) > mg.
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step 3 From step 1 and step 2, a worker’s behavior is PSB if and only if her/his pa-
rameters (m;, mg) satisfy the conditions, m, < 7}, (7g) and 7y < 75 (ms). Thus,
conditions for PSB are:

Ay(mg + 1+ Ops) Aymg + Ag(r + Bpr)

A > M > A ) (A-9)

Conditions for SLB
Conditions of SLB are T;;, > T;s and Ty, > T,g. Total values of SLB are as follow:

rTi = yiL + ms(Tsr — Tiz), ( )
rTsr, = yor + ma(Tip — Tsr), ( )
rTis = yis + mis(Tss — Tis) +prB(Tie — Tis), (A-12)
1Tos = Yss + ma(Tis — Tss) + prB(Tsr — Tss). ( )
Ty > Tip, from yr > yor, and Tig —Tyg is {prB(Tir — Tsr) } /{peB+ms +ma 41} from (A-
12) and (A-13). Then Tjs — Tss < Tj, — Tsp,, so this is rewritten as Ty, — Tss < Ty, — 1is-
Thus T, > Tjs must hold if Ty, > Tss hold. From simple algebra, ms = {A;wl(ms) +

Ag(r+Ppr)}/As and Ty, > Tig if ms > ), (mg). Thus, a worker’s behavior is SLB if and
only if the worker’s parameters (ms, my) satisfy ms < {Amg + As(r + Bpr) }/ As.

Conditions for SSB

The conditions of SSB are T;;, < T;s and Ty, < T,g. Then, total values of SSB are as
follow,

rTir = yi + ms(Tsr — Tiz) + psB(Tis — Tip), (A-14)
rTsr, = Yo, + (T — Tsr) + psB(Tss — Tir), (A-15)
rTis = yis + ms(Tss — Tis), (A-16)
Tss = Yss + Ta(Tis — Tis). (A-17)

By similar calculation to the condition for SLB, a worker’s behavior is SSB if and only
if, the worker’s parameters (m,, 7y) satisfy m, > {A(7g + 7 + Bps) }/ As.

B Proof of Proposition 2

The Hamiltonian function is as follows:

H =e "eiys + Aierr, + esysr, + Agess)
—Mprpn(er —en) + males — ess) — (ms + (1 — pr)ps)enr]
—Xa[psps(es — ess) + ms(er — ein) — (m + (1 — ps)pr)ess). (B-1)
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The optimal conditions are:

pr =1 <= —XM(pcle: —eir) +psew) > 0, (B-2)
ps =1 <= —Xa(ps(es — ess) + press) > 0, (B-3)
e " (yiryis) + M(prpr + ms + (1= pr)ps) + Aams — A = 0, (B-4)
e " (yss — Ysz) + Mg + Aa(papis + 7 + (1 — pug)pr) — Ao = 0. (B-5)

According to (B-2) and (B-3), there are py = 1 if and only if Ay < 0 and pg = 1 if
and only if Ay < 0. . '
From (B-4) and (B-5), Ay = —r\y, and Ay = —r s, the sign of both A; and A, are:

(r+mg + pspr + (1 — ps)ps) A

A <0 = m < A (B-6)
STAVESS 1—- A,
Ao <0 = > (r+uLpZ+( L)ps) : (B-7)

For any 7y, the right hand of (B-6) is higher than the right hand of (B-7), then the
optimal conditions for uy, ug are:

(r + 7o + D)4\

pr =1 <= m, < A ; (B-8)
SA - As
ps =1 <:>7rls>7” d X+pL> ) (B-9)

C Steady State Condition

The following calculation focuses on the flow of workers who have any combination of
parameters (m, mg). Let N; be the fraction of state [ workers and N be the fraction of
state s workers. In the steady state, the fraction of changing type [ equal the fraction of
changing type s, then the steady state conditions are 7y Ny = mN; and Ny = 1 — N,.
Then, in the steady state, the fraction of type [ workers is N; = 7y /(ms + 7s) and the
fraction of type s workers is Ny = ms/(ms + 7).

The fraction of state ¢ workers working in type j firms is denoted as e;;. According
to the assumption that both the endogenously and the exogenously job separations do
not occur, the proportion of unemployment also converge to 0. Then, ¢ + e;5 = N,
and ey, + e, = Ng. I present the steady-state condition for each worker’s behavior as
discussed below.

Perfect Separation Behavior
If the worker’s behavior is PSB, the steady state condition for the e;;, is,

PLéis + Tsi€sp = Tis€L. (C-1)

26



The right hand of (C-1) is outflow to e;;, which is the fraction of workers in type L firms
who change to s state from [ state from a shock. The left hand is inflow to ¢;;,, the first
term in the left hand is the fraction of [ state workers who move to type L firms from
type S firms, and the second term in the left hand is the fraction of workers in type L
firms who change to [ state from s state from a shock.

Similarly, the condition for the eyg is:

DsesL + TMis€is = Tg€ss- (C-2)
By e;s = N; — ¢;, and e, = Ny — egg, the fraction e;;, and egg are:

Nymisma + Ni(mis(pr — 7a1) + pLps)

mspr + (Mg + pr)ps 7
_ Nimsma + No(ma(ps — ms) + prps)
B mspr + (s + pL)ps

(C-3)

€L =

. (C-4)

€ss

Thus, the steady state condition of workers choosing PSB is characterized by N;, N,
(C-3), and (C-4).

Stay L Firm Behavior

In the steady state, the employed workers in type S firms converge to 0 if the workers’s
behaviors are SLB. This is because that workers in type S firms continue to move to L
firms. Then e, = N; = g /(ms + 7a1), €s. = Ns = ms/(ms + 7g), and ejg = egs = 0.

Stay S Firm Behavior

Similarly, the employed workers in type L firms converge to 0. Then e;5 = N; = 7y /(ms+
7Tsl)> €55 = Ns = 7Tls/<7rls + 7Tsl)a and €L = €sL = 0.

D The Social Planner Problem for the Type L Firms
to Type S Firms Ratio

Let Ai(ms, mg) and Ag(ms, mg) as shadow values of each parameters m, and 7g. The
Hamiltonian function is,

H=e"" [/ /{61?/15 + Ajerr + esyst + Agess pdmsmg]
— //)\1(7755, ms)[prpres + msesn — (ms + (1 — pp)ps)e|dmsdmg,

- / / Xo(T1s, 1) [Psprsest, + miseis — (ms + (1 — pg)pr)ess|dmsdmg. (D-1)
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Given the optimal condition for puy, g, the fist order condition for - is,

LN e
/ / et — Agessdmady + / / e + Moesdmsdry
L

+ // =€, + Asespdmsdrg = 0. (D—Q)
s

The functional forms of the shadow values are calculated for each parameter (m, 7).
The functional forms are different depending upon the behaviors of workers, and then
the functional forms are characterize for each behaviors.

e For workers who take PSB, the laws of motion are:

e, = yp(er — ewr) + myles — ess) — mser, (D-3)
ésS = (1 - 7)p(€s - ess) + 7Tls(el - elL) — T51€sS- (D'4)
By Xl = —r)\; and XQ = —r\9 and the optimal conditions are:
el : e_rtAl + )\1(])[, + ms + 7”) + Aoy = 0, (D—5)
ess € TTA + Mg + Aa(ps + 7y + 1) = 0. (D-6)

Then, the shadow values are:

_e_rt((pS + Tsl + T)Al - 7TlsAs)

A\ = , D-7
' (ps +ms + 1) (pr + mps + 1) — Ty (D-7)

—e Tt A, — g
)\2 _ € ((pL + Tls + T) s sl l) . (D—8)

(ps +ms +7)(pr + ms + 1) — My
e For workers who take SLB, the laws of motions are:

éi, = ypler —en) + males — ess) — (ms)err, (D-9)
éss = ms(er — eip) — (mg + Yp)ess. (D-10)

By Xl = —r)\; and Xg = —r\g, the optimal conditions are:
e e A+ M(pp + s + 1) + Aom = 0, (D-11)
ess : e "TA + My + Na(pL + 7y + 1) = 0. (D-12)

Then, the shadow values are:

—e Tt A — m A
A = e "((pr + T + 1) A — mAS) 7 (D-13)
(pr +ms +7)(pr + s + 1) — WsTy

_ -t _
N — e " ((pr + ms + 1) A — Ty l\)) . (D-14)
(pr + ms +7r)(pL + ms + 1) — Ty
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e For workers who take SSB, the low of motions are:
éir = Tales — ess) — (1 —)p + ms)er), (D-15)
éss = (1 —y)pler — eir) + ms(er — er) — (mg + yp)ess. (D-16)
By Xl = —r)\; and Xg = —r\y, the optimal conditions are:
e e A+ N (ps + ms + 1) + Aoms =0, (D-17)
ess € "TA + Mg + Xa(ps + T + 1) = 0. (D-18)
Then, the shadow values are:
_e—rt((ps + sl + T)Al - 71-lsAs)
(pS + ms + 74) (PS + s + T) - 7"-lsﬂ-sl?

—e " ((ps + ms + 1) A5 — Ta\y)
(ps +ms +7)(ps + ms + 1) — MsTg

)\1:

(D-19)

Ao =

(D-20)

By substituting above shadow values into (D-2), the optimal condition of the social
planner problem is introduced.

E The Social Planner Problem for Market Tightness

From ( , the first order condition for @ is:

s
// )\1’719/615 + AzWP/GsS]dWldesz + // [—)\1’7]9’615 - >\2(1 - ’V)plesL]dWldesl

- / / ML= )p'er — Aa(1 = )p'esr]dmsdry. (E-1)
7,

This is equivalence as:

k=y [// [apes + Aaplessldmdy + // S[—)\lplels]dmsdﬂsl}

s
+ (1 — ’)/) [// [—)\QplesL]dedﬂsl + // [)\1p/€lL — )\gp'esL]dmsdﬁsl} . (E—Q)
T‘-Z*S* 7rl*S

From (D-2), the formula in first brackets equals the formula in the second brackets. Then,
the optimal condition for market tightness is:

Wfs* ﬂ—l*s
:// [—/\1P,€ls+)\QPIGSS]dWldesz+// [—Aip'ers]dmsdmg
Ty

s
Z// [—)\2P/65L]dﬂzsdﬂsl+// (Mip'en, — Aop'esp)dmsdmy. (E-3)
oy s
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By substituting shadow values (D-19) and (D-20) into (E-3), the optimal condition of
the social planner problem is introduced.
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Fig(“). 1. The domains of each worker’s behavior.
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