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money (viz. an unproducible asset), stagnation with persistent
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1 Introduction

Many economists (e.g., J. M. Keynes, A. Smith, and T. Veblen) have long
pointed out that people care about their relative positions in society. For

example, Keynes (1972, p. 326) states

Now it is true that the needs of human beings may seem to be
insatiable. But they fall into two classes—those needs which are
absolute in the sense that we feel them whatever the situation
of our fellow human beings may be, and those which are relative
in the sense that we feel them only if their satisfaction lifts us
above, makes us feel superior to, our fellows. Needs of the second
class, those which satisfy the desire for superiority, may indeed
be insatiable; for the higher the general level, the higher still they

are.

Recently, the literature on social status has been expanding and various
factors that generate social status are analyzed.! For instance, Corneo and
Jeanne (1997a) and Rauscher (1997) model Veblen’s (1922) conspicuous con-
sumption, which signals high income and thus high status. Bakshi and Chen
(1996), Clemens (2004), Cole, Mailath and Postlewaite (1992), Corneo and
Jeanne (1997b), Fisher (2004, 2005), Futagami and Shibata (1998), Gong
and Zou (2001), Long and Shimomura (2004), and Zou (1994, 1995, 1998)
present models where social status comes from the relative or absolute level
of physical capital or wealth holding. Fershtman, Murphy and Weiss (1996)
and Kawamoto (2007) adopt the idea that the relative amount of human cap-
ital generates social status. Clark and Oswald (1998) more generally analyze

the case where people’s actions affect their positions in society.

1See, e.g., Weiss and Fershtman (1998) for a survey.
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We consider three objects of status preference together, viz. consumption
(conspicuous consumption), physical capital (capitalist spirit) and money
(miser Scrooge), and find that depending on which object people value most
an economy exhibits quite different performances: converging to the full em-
ployment steady state without growth, persistent growth with full employ-
ment, stagnation with persistent unemployment, and unemployment growth.

Demand for producible objects creates employment. Thus, if people take
consumption or physical capital holding to be more important than money
holding as exhibiting social status, full employment is reached. In particular,
if physical capital holding is the object, people continue to accumulate it
and hence an economy perpetually grows, as in the capitalist-spirit economy
discussed by Weber (1958).2 However, if money is the object, people do not
sufficiently demand producibles, causing persistent unemployment to arise.

It is in conformity with the following statement by Keynes (1936, p. 235):

Unemployment develops, that is to say, because people want the
moon;— men cannot be employed when the object of desire (i.e.
money) is something which cannot be produced and the demand

for which cannot be readily choked off.

Is frugality beneficial to society? This is an important issue that has long

been discussed. For example, Smith (1910, p. 304) states

Whatever, therefore, we may imagine the real wealth and revenue
of a country to consist in, whether in the value of the annual
produce of its land and labour, as plain reason seems to dictate;

or in the quantity of the precious metals which circulate within it,

2Zou (1994) proposes a model of such capitalist spirit and shows that perpetual capital
growth occurs.



as vulgar prejudices suppose; in either view of the matter, every
prodigal appears to be a public enemy, and every frugal man a

public benefactor.

Keynes (1936, chapter 23) criticizes it by quoting from B. Laffemas, W. Petty,
N. Barbon, J. Cary, B. Mandeville, J. A. Hobson, A. F. Mummery and T.
R. Malthus, and insists that frugality causes unemployment to occur. In the
present paper we show that in the presence of status preference frugality can
be virtue or vice, depending on which asset people want to hold as exhibiting
status.

The remainder of the present paper is organized as follows. Section 2
presents a model that considers three objects of people’s status preference
together. Section 3 shows how people’s status preference influences the dy-
namic behavior of the economy. Section 4 concludes. Proofs of dynamic
stabilities under various growth and stagnation patterns are set out in ap-

pendices.

2 The Model
2.1 Households

We consider an economy populated by identical households whose size is
normalized to unity. The representative household’s utility depends on not

only consumption ¢; and real money holding m; but also social status s;:

U= / " ) + v(me) + x(51)] exp(—pt)dr,

where p (> 0) is the subjective discount rate and the felicity function satisfies



w() >0, u'(-)<0, «(0)=o00, u(0)=0;
V() >0, V() <0, v (0)=00, v (x)=0,

limov’(mt)mt >0, lim o"(my)m; = 0;
X'() >0, x'(-) <0.
Social status s; consists of three factors, viz. consumption, physical capital

holding and real money holding, each in excess of the social average:
St = Qc(ct — Et) + Qk(kt — Et) + Qm(mt — mt), (2)

where @, k; and 77, represent respective social averages. 6,, 05 and 6,, indicate
the magnitude of each factor’s contribution to social status, representing
conspicuous consumption, capitalist spirit and miser Scrooge respectively.

Real total asset a; consists of physical capital and money:
a; = ki + my. (3)
The flow budget equation is
ap = riky — mmy +wily + & — e (4)

where 7, is the capital rent, w, is the real wage, , (= P, /P,) is the inflation
rate of commodity price P;, and [; is the realized amount of labor supply.
Each household’s labor endowment is assumed to be unity. However, since

there may be unemployment, under the short-side assumption [; is given by
i = mln{lf? 1}7 (5>

where [ represents labor demand. & is the real profit income that the indi-

vidual receives from firms. As is shown later, in the presence of excess labor



demand real profit & is positive even under perfect competition and a linear
homogeneous production function.
The individual maximizes U subject to (3) and (4). The first-order opti-

mal conditions are

u'(ce) + 0:X' (5) = A,
V' (my) + O X (St) — e = 1,
OuX'(5¢) + ride = 1y,

}\t — pAt = =1,
and the transversality condition is
tlim Arar exp(—pt) = 0, (10)

where \; and 7, are the co-state variable associated with (4) and the La-

grangian multiplier associated with (3) respectively, and s, is given by (2).

2.2 Firms

The firm sector has the following linear homogeneous production function:
yr = F (ke 1) = f(ke/ 1)l
where f(-) satisfies
f(0) =0, f(oo) =00, f'(-)>0, f'()<0, f(0)=o0, f(o0)=0.

Under perfect competition it determines [{ so as to satisfy

we = fke/U]) — f'(ke/ 1) (e /17). (11)
Thus, k;/I¢ is expressed as a function of only wy:
1
k1% = h(w,), h(oo) = o0, h(w)=— > 0. 12
t/ t ( t) ( ) ( t) f//(h(wt))h(wt) ( )



Substituting (12) into (5) gives
lt = min{kt/h(wt), ]_} (13)
From (5) and (11), we find

wy = f(ke/l) = f/(ke/1) (ke /1) if 12108 (= 1),

(14)
wy < Fky) — fk)ke if 12> 1 (=1,).

Whereas the labor market adjustment is sluggish, the capital market adjust-
ment is assumed to be perfect and thus the capital rent always equals the

marginal productivity of capital for any I;:
re = ['(ke/le). (15)
Since real profit & is
& = flke/l)ly — riky — wyly,
using (14) and (15) we obtain

&=0if 1>1¢(=1),

& >0 if I7>1(=1).
When &, is strictly positive, it is transferred to households, as shown by (4).

2.3 Dynamics

Since households are identical, ¢;, k; and m; equal each social average:
=Ty by = ky, my =Ty

Therefore, social status s; given by (2) is always

St = 0, (16)



i.e., a desire for social status is never satiated.

From (6)-(8), (15) and (16), we obtain

0k x'(0) v'(my) 0mx'(0)

PR T ey +000) ~ ™ W) + 00(0) T @(e) + 000
(17)

where the left-hand side represents the total benefit of holding physical cap-
ital, consisting of the capital rent and the utility of social status, and the
right-hand side represents the net benefit of holding money, consisting of the
utility of liquidity and that of social status minus the inflation cost. From

(6), (8), (9), (15) and (16), the dynamics of consumption is given by

= ol |0+ ety o) )

where o(c;) = —[u/(c;) + 0:x'(0)]/[u” (¢r)ee] > 0.

Nominal money supply M, is assumed to be constant at M and hence
1y /my = —m. Substituting m; given by (17) into this equation yields

e v'(my) X'(0)(0x — )

e W@ 1+ 000 e + o0y T /) (19)

Nominal wage adjustment is assumed to be sluggish in the following manner:
i, )
— =7 (lf-1), 20

3

where the initial level of nominal wage W), is historically given.” Since

g Jwy = Wy /W, — mp, (12), (17) and (20) lead to

Wy _ ke 0\ V(my) X' (0) (0 — 60,,)
w0 V(h(wt) 1) (@) 4 00(0) W)+ Bux (0)

+ f(ke/l). (21)

3Many economists have explored how the real or the nominal wage is adjusted. Al-
though this issue is interesting and important, the present paper does not address the issue
and assumes the simple adjustment of the nominal wage, in order to focus on influences
of status preference on the dynamic behavior of the economy.
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Commodity price P; perfectly adjusts so that the commodity market is always

in equilibrium:
ift = f(kt/lt)lt — Ct. (22)

(18), (19), (21) and (22), where [; is given by (13), formulate an autonomous

dynamic system with respect to ¢;, m;, wy and k;.

3 Economic Consequences of Status Prefer-
ence

This section demonstrates the relationship between people’s status prefer-
ence represented by 6., 6, and 6,, and the dynamic behavior of an economy,
viz. convergence to the full employment steady state, persistent growth with
full employment, persistent growth with unemployment, and stagnation with

persistent unemployment.

3.1 Full Employment Steady State

Let us first examine the condition for the full employment steady state to be

reached. From (18), (19), (21) and (22) in which
[=1"=1, ¢=0, k=0, m=0, w=0,

the full employment steady state is given by

¢ = f(k*),
g Oex'(0) — o
v'(m”) O x'(0)

(= o(m™, k7)),

P W) + 000 0) W) +000)

*

where * represents each value in the full employment steady state. The

second and third equations imply equality among the time preference rate,
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the marginal benefit of holding physical capital k£ and that of holding money
m. The marginal benefit of k£ is the sum of the marginal productivity and the
marginal contribution to status while that of m is the sum of the marginal
utility of liquidity and the marginal contribution to status.

Since the marginal benefit of k is naturally assumed to decrease as k

increases, ¢(+) and ¢(-, ) given in (23) satisfy

0 9 /O " gl
©(0) =00, ¢(00) = Q—k, o =f" - —[u,kj:é :f(()f)P < 0;
8¢ 9
a—m < 0, % > 0,

and hence k* and m* uniquely exist if 6. is so large as to satisfy

0. =" W) + 0 (0

Furthermore, in appendix A it is proven that the dynamic path along which

) < p. (25)

the full employment steady state is reached is uniquely determined. Thus,

Proposition 1. The full employment steady state represented by (23) is
reached if the contribution of consumption to social status, 0., is so large

that (25) is valid.

The area of 6, and 0, satisfying (25) is given by region A in figure 1. Note
that the border of the second inequality of (25) forms a negative relationship
between 6y and 6,,. It is because from the second equation of (23) and the
property that ¢’ < 0 given in (24) a rise in 6 increases k* and hence reduces
w' (f(k*)), which decreases 6, that equalizes both sides of the second property
of (25).
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3.2 Permanent Growth

Let us next treat the case where the full employment steady state does not

exist. In this subsection it will be shown that if

9. P Or > Oy (26)

steady growth occurs although the marginal productivity of capital decreas-
ingly converges to zero as k expands. The first property of (26) implies that
the marginal benefit of holding capital dominates the time preference rate
even when capital holding expands to infinity whereas the second property
implies that people take capital more seriously than money as a measure of
social status.

Under (26) capital k continues to accumulate and eventually f’(-) declines
to zero while ¢ and m approach respective constant levels that make ¢ given

by (18) and 7 given by (19) zero:

ka’(O) o
700 + 600 27)

0rx'(0) B v'(m) 0mx'(0)
W0+ 00(0) — () + 0 (0) T W) + 0o (0) (28)

Since w/w = 0, as shown in appendix B, from (21) and (28) the labor market

reaches full employment:

(1Y =) % =1 (29)

In appendix C it is proven that there is a unique equilibrium path that
reaches the steady state given above.
Note that k continues to accumulate and yet transversality condition (10)
is valid, as proven below. Since m is finite and a = k + m,
M ki

i N A
im —+ — — im —+ — —p.
im0 Ap oy P= e Atk P

11



Since c is finite and k& continues to expand, from (22) we obtain

Cky . f(k/l) ¢
lim 2 = Jim | Sy B/~ Jim =
Jim M Jim [ Wl ? k/lm f'(k/l) — lim k 0, (30)

where [ = min{/?, 1} and the second equality results from de 'Hépital’s rule.

Thus, using (6), (8), (9), (15) and (30) one finds

. ).\t a ekX,(O)
lim —+——p< —
oot At " ay r= w'(c) + 0:x'(0) <

which implies the validity of (10).

Such full employment growth occurs only if initial price level Py (and
hence initial real money balances mg) jumps to the value leading to it since
the dynamic path is saddle point stable as shown by appendix C. If Py jumps
to a lower level than the value, P continues to fall and m expands to infinity.
We next show that a continuum of such paths is equilibrium paths under a
certain condition. In this case not only full employment growth but also
unemployment growth is possible.

The above case in fact occurs if 0 and 6,, satisfy (26) and
oz, (31)

which are shown by region B in figure 1. Since both v'(m) and f'(k/l)
converge to zero along the deflationary paths, from (19) and (21) in the state

in which w/w = 0, we find

m
- T=-—y(1~-1)>0,

k= 0m)X'(0) _
'(¢) 4+ 6.x'(0)

4If Py jumps to a higher level than the value, m continues to decline. From (19), such
inflationary paths are ruled out since from (1) limy,, o v'(m¢)m: > 0. See, e.g., Blanchard
and Fischer (1989, chapter 5) for the infeasibility of such hyper-inflationary paths.

°See appendix B for the property that w/w = 0.

(32)

i —(l=1).
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Since m continues to expand, as shown by the first property of (32), (28) is
replaced by the second equation of (32) while (27) is still valid. Substituting
(27) into the second property of (32) yields

I=1- (1—90—m) P (< 1 under (26))

k)7
(33)
_ (O Pz P under
_(Hk p )7(20 der (31)),

implying that unemployment persists. Although both £ and m expand to
infinity, the transversality condition is valid since from (6), (7), (9), (19) and
(30) we obtain

. }\t ay . }\t my me'(O)
Ilm —+——p<lim—+——p=— < 0.
Pl At + a; P= 0 At + my P w'(c) +6.x'(0)

Along these paths people continue to accumulate capital and money so
that they raise their social status. Since money is unproducible, a desire for
it does not create any labor demand and causes persistent unemployment
and deflation to occur. Furthermore, the stability type of unemployment
growth is sink, as shown in appendix D, and hence there is a continuum of
equilibrium paths with permanent growth and unemployment.

We summarize the preceding discussion below.

Proposition 2. Under (26) and (31) there are two types of dynamic paths:
a unique path that leads to permanent growth with full employment and a

continuum of paths that lead to permanent growth with unemployment.

This proposition suggests that unemployment growth will most probably
occur.

If (26) is valid and (31) is violated, the value of [ given by (33) is less
than zero and hence the deflationary paths are infeasible. This is the case

where the relative preference for money over physical capital (6,,/6y) is small
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enough. People desire to accumulate physical capital rather than money
and hence full employment is realized. This case is represented by region
C in figure 1. Note that it appears only if p > ~, that is, preference for

consumption (p) dominates the benefit of holding money due to deflation
(7)-

Proposition 3. Permanent growth with full employment occurs if the con-
tribution of capital holding to social status, Oy, is so high as to satisfy (26)
and violate (31).

3.3 Stagnation with Unemployment

Let us finally consider the case illustrated by region D in figure 1. In this

case

0, X' (0) )
W(F () + 6x'(0) ~” (£ 6 < pfe) (34)

Hm > Gk,

where k* is given by the second equation of (23). Note that k* exists if
O < pb., as shown by (24) and (25). The first property of (34) implies that
the marginal benefit of money is always higher than the time preference rate
and hence money is preferred to consumption whereas the second one implies
that money is more important than capital as a source of social status. Thus,
c and k stay finite while m continues to expand and [ = ¢ < 1. From (18),
(19), (21) and (22), the steady state in this case is given by
e = f(k/D)L,

Qkx/(())
u'(¢) +0ex'(0)

p=—y(1-1)+

0mx'(0)
u'(c) + 0.x'(0)’

J'(kJ1) + = (=1 +

Omx'(0)
w'(c) + 6.x'(0)’
=-—nm=—y(1-1)>0.

(35)

SRIRE
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Substituting the first equation of (35) into the second equation yields k/I
as a function of [, denoted by g(I):

/ ekxl(()) _
PO+ w0 + ooy~ U

0mx'(0)
w'(f(k/D1) +0.x'(0)

= k/l=g(l).

From ¢(1) given above and the first and third equations of (35), [ is deter-

mined so that it satisfies

Omx'(0) _
u'(f(g)D) + 0ex'(0)

where from the definitions of ¢(-) and ¢(-,-) given in (23) G(-) satisfies

Gl = (1 —1) + (36)

(37)
G(1) = ¢(00,9(1)) = w(g(1)).

Once [ is determined, therefore, ¢ and k are determined and the steady-state
deflation rate takes the value given by the last equation of (35).
Let us find the condition under which such [ exists within (0, 1). From

(24) and the second property of (34),

©(0) > ¢(00,0),

p(00) (= 0k/0c) < ¢(00,00) (= O /0e), (38)
¢'(k) <0, W > 0.

Therefore, there is a unique g(1) that satisfies the second property of (37).
If p < 6;/0., where the right-hand side is the lower bound of ¢(-), as is
clear from (38), it is obvious that p < ¢(g(1)) and thus from (36) and (37)
G(l) < G(1). If 6 /6. < p, from the second and third equations of (23) and
the first property of (34),

p= (k) < do0, k).
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Since this property, the second property of (37) and the first property of (38)
yield

0<g(l) <k,
and ¢'(k) < 0, as shown in (38), we find

(0(k7) =) p < @(g(1).

Thus, from (36) and (37) G(I) < G(1).

Having established that always G(I) < G(1) and assuming the steady
state to be unique, we find that in order for [ given by (36) to exist within
(0, 1) G(0) must be lower than G(I). From (36) and the first property of (37)

this condition is equivalent to
0> . (39)
Since G(0) < G(I) < G(1) and (36) gives a unique solution for [, we find
G'(1) > 0. (40)

Since k = 0 and v/(m) = 0 in the present steady state, from (6), (7), (9)
and (19) we obtain

. }\t ay . }\t my me'(O)
lm —4+—=—p<lm —+——p=— < 0,
e At + a; P= 1% pW + my P w'(c) + 6.x'(0)

which represents the validity of the transversality condition. In appendix E

it is shown that there is a unique equilibrium path and hence

Proposition 4. A steady state with persistent unemployment without growth
is reached if (39) is valid and the contribution of money holding to social

status, O,,, is so large as to satisfy (34).
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If money is the main object of status preference, households permanently
accumulate it whereas consumption and capital converge to respective finite
levels. Since money demand creates no employment, unemployment per-
sists.%

Let us finally note that, if (39) does not hold, the case mentioned in
proposition 2 is always valid under (26), the case mentioned in proposition
3 disappears, and [ given by (36) does not exist. Thus, region C in figure
1 disappears and in region D there is no equilibrium path. This case is

illustrated by figure 2.

4 Concluding Remarks

We consider an economy in which there are three objects of people’s status
preference, consumption, capital and money, and nominal wages adjust in
a sluggish manner. If the main object of status preference is producible,
viz. consumption or physical capital, labor demand is created and hence
full employment is reached. In particular, if physical capital is most desired,
endogenous and permanent capital growth occurs even under decreasing re-
turns to capital. This is in conformity with Max Weber’s capitalist-spirit
economy. However, if people take money as the most important object of
status, no demand for labor is created and hence persistent unemployment
and deflation occur. This is consistent with what Keynes (1936, p. 235)
states.

Adam Smith considers frugality to be beneficial since it urges people
to accumulate physical capital and generate permanent growth. In contrast,

John M. Keynes regards it as harmful since it keeps people from consumption

This result is similar to Ono (1994, 2001), who shows that unemployment arises as a
steady-state phenomenon if utility of money holding is insatiable.

17



and leads to unemployment. We find that it can be virtue or vice, depending
on which object people most seriously take as a measure of social status.
If the object is physical capital, permanent growth arises. If it is money,

persistent stagnation occurs and people are left unemployed.

18



Appendix A Stability of the Full Employment
Steady State

We first examine the case where excess labor demand arises along the path
that converges to the steady state represented by (23). Linearizing (18), (19),
(21) and (22), where [; = 1 < [¢, in the neighborhood where ¢; = ¢*, k; = k*,
wy = w* (= f(k*)— f'(k*)k*) and m; = m* and applying (12) and (23) to the

results yields the characteristic equation of the dynamics of (¢, ky, wy, my):

Orx'(0)oc u” "
_ TRX )OO - 0 0
W+ O (O) )
—1 fl==z 0 0
[ ( )(9 ) U/]w*u// . ,yw* ,yw* w*v//
+ i -
1+ 0O IR e T T a00)
O =)~ m/
— m —_ 2
[ +9cx( )]? u' +0.x'(0)

where z denotes a characteristic root. It reduces to

) . yw* m*v” B
) (35 ) (i)

where

Orx'(0)oc*u”

S T R )k

Thus, besides the following two roots:
,yw* m*UH

= <0 =
RS T T T 0.0 (0)

> 0,
there are two roots, z; and z,, which using (24) one finds to satisfy
2129 = oc' Y <0,

implying that the characteristic equation has two positive and two negative

roots. Note that ¢q is jumpable, kg is unjumpable, and the degree of freedom

19



of choosing the initial level of m; and w, is one since once F, is chosen then
both of my (= M/P,) and wy (= Wy/Fy) are determined. Therefore, the
dynamic path is uniquely determined.

Next, we treat the case where excess labor supply arises (I; = ki/h(w;) <
1) in the interim state. By linearizing (18), (19), (21) and (22) in the neigh-
borhood where ¢; = ¢*, ky = k*, wy = w* and m; = m*, and applying (12)
and (23) to the results, we obtain the following characteristic equation of the

dynamics of (¢, ky, wy, my):

Orx'(0)oc*u” 0 oc* 0
u/ _|__ 90 / 0 2 < k-*
[ X'(0)]
. P it i 0
ko f//k*Q
v w*u w w w w*v
OO ) st e
[u/ + 9 X' (0)]2 k* f”k*2 u' +0.x'(0)
[ ( )( ,U/]m*u// O m*,U//
[/ +9X( ) /f* w' + 6.’ (0)
It reduces to
24 + 3323 + BQZ2 + Blz + BO = 0,
where using (24) we find By to satisfy
~yocfw*m vy’
By=———5— z >0, (A1)
SR [+ 0ex'(0))]
and using (14) we find B; to be
Bg _ ekx/(o)o_c*u// B f/ B '}/w* N m*v// (AZ)

[u/ + QCX/(())]Q f”k‘*Q u + QCX/(())'
From (A1), there are three possibilities: (a) two positive and two negative
characteristic roots, (b) four positive ones, and (c) four negative ones. As =y

changes from zero to infinity, the third term of (A2) increases from zero to

infinity whereas the other three terms remain negative and unchanged since
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c*, k* and m* that satisfy (23) do not depend on 7. Consequently B3 changes
from negative to positive. However, since By > 0 for any positive 7, any root
cannot be zero, implying that any root cannot change its sign as v changes.
Since B3 must be negative in case (b) and positive in case (c), cases (b) and
(¢) are ruled out and only case (a) is valid, implying the saddle path stability
to hold and the path to be unique.”

Appendix B The Dynamics of the Real Wage

This appendix shows that w/w converges to zero if capital & permanently
accumulates.

First we treat the case where m converges to a finite value. Since 7 = 0
in this steady state, (21) implies

w

— =% -1 Bl
D), (B1)
where from (12) % is
k
9= B2
h(w) (B2)
In the steady state, from (30) and (B2) we obtain
1k P (w)w] w R (w)w] w
=2 — =—|n — B3
i F o e ool P G
where from (12) A'(w) > 0. We here assume
. h(w)w
1 B4
dm Sy Y (B4)

which is indeed the case under a production function of the Cobb-Douglas or

CES type whose elasticity of substitution is greater than 1, as derived from

(11) and (12). From (B1), (B3) and (B4) we obtain
/d

= d =

See, e.g., Gandolfo (1997, chapter 25) for this logic.
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Therefore, the labor market is stable and eventually [ = 1 and w/w = 0.
Next, we consider the case where m as well as k£ continues to expand.

Since 7 < 0 in the steady state, from (21)
(A (B5)
w

Since from (B3)-(B5) we find

"<y MZ14+ 7
14 converges to 1 + 7/ (< 1) and then w/w = 0.

Appendix C Stability of Full Employment Growth

Under full employment growth w rises to infinity while P stays finite. There-
fore, W increases to infinity and hence I¢ > 1 for ¢t < oo, as is clear from

(20). Furthermore, ¢ converges to 1, as shown in appendix B. Thus, from

(),
I, =1<1d

Replacing k; and w; by b, (= k,~') and n; (= w,~") respectively and applying
the above property to (18), (19), (21) and (22) yields

TN ox'(0)
¢ - ( t) [f (1/bt) + u,(ct) +9cX/(O) Pl

by = —f(1/b)b7 + b7,

W (1 dm) OG0
o ”Qummt1)+wmwwaw>qmm+mx@ /b,
me o dm) OO -6
e T e +0000) e + o) T /0
()
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By linearizing (C1) around the steady state in which (29) holds and ¢ and

m are given by (27) and (28), we obtain the characteristic equation:

C— 2 —acf” b? 0 0
v o =2(f-cb—2z 0 0 0
Yn n(f" +~v/h) /0>  C—2 —Cun/m 7
—m —f"m/b? 0 G — 2
where
X (0)ocu” B v"'m
“T wreor Tt T e " .
__Kd/n W =X 0) (0 — O]
G = Vi n)n <0 (from (B4)), o =— TER O

Therefore, the characteristic roots are ¢, (< 0), (, (> 0), and the two

solutions of
22— G+ —=2(f — )bz +C[f /b—2(f — )b+ ocf’ =0. (C3)

Since (w =) f — f'k > 0 and k (= 1/b) is large enough while ¢ is given by
(27), we find

f'k=2(f(k) —c) <0,

implying that the constant term of (C3) is negative. Thus, there are two
positive and two negative characteristic roots. Since the degree of freedom
in choosing the initial values of ¢;, b;, n; and m; is two, the present dynamics

is saddle path stable.
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Appendix D Stability of Unemployment Growth

By replacing k;, w; and m; by b, (= k), ny (= w, ") and z, (= m;™")
respectively in (18), (19), (21) and (22), where l; = ki/h(w;) < 1, we obtain

- T ; 0rx'(0) _
. ol {f WA /m) ey o)~ )

b = — f(h(1/ne)be/h(1/ne) + cib,

o 1 B v'(1/2y) - X0)( =) "
=1 (s~ L)+ e — et~ p(a(/m)
g U'(1/wy) X' (0)(O — Om)

. () +0.X0)  w(e)+ 0.x'(0)

Uz

— [/(h(1/ny)) (=7 <0).
(D1)

Linearizing (D1) in the neighborhood of the steady state where ¢ is given

by (27) and applying (12) to the result yields the following characteristic

function:
oc
Cc -z 0 W 0
f b
an v 1 _, .n
yn hb? Fh3n "y
Y 0 —# T+ Cn— 2

where (., 1 and (,, are the same as those in (C2).
In the present steady state (. and ¢ are finite. Since | < 1 and k (= 1/b)

and m (= 1/x) continue to expand, using (1), (11) and (12) we find
f()/h=f(k/D/(k/1) =0, 1/n=f(h) = f'(h)h,
1/(hn) = f(h)/h— f'(h) =0, bc=0, (n=0, hb=1/L.

Calculating (D2) and applying the above properties to the result leads to

12
6219 [~ s g (15 7)] =0
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Therefore, two of the four roots are (. (> 0) and 7w (< 0) and the other two

roots, z; and zy, satisfy

0 v 1 2c
21+ 29 = f”hgbn < 0, Z1R9 = _f”h4bn (f -+ E — —) > 0,

where the second inequality holds since f and 1/n (= w) continue to expand
while ¢/l is finite. These properties show that z; and 2z, are negative. Since
there are one positive and three negative roots whereas the degree of freedom
in choosing the initial values of ¢, b;, n; and z; is two, the stability type of

the present dynamics is sink.

Appendix E Stability of Stagnation with Un-
employment

We replace m; by z; (= 1/m;) and linearize (18), (19), (21) and (22), where
l; = ki/h(w;) < 1, in the neighborhood of the steady state where ¢, k and
[ are given by (35) and = = 0. By applying (1) and (12) to the results we

obtain the characteristic function of the dynamics of (¢, ky, wy, z;):

/ "
0 (0)ocu” s 0 _od 0
[w' + 0ex'(0)? , K
7l l k

-1 ?_Z f//kZ f_flj 0 -0

~X(0)(0 = Op)wu”  qwl  wl N ywl? v w '
[0+ 0 (0)]? k KR T W 0(0) 2
0 0 0 vyl —=1)—z
It reduces to
(Y1 —1) = 2)(—2* + &22* + 12+ €) = 0, (E1)
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where

o= _ OxX' (0)ocu” fl wl ywl?
T W A0 Tk kR
_ X' (0)ocu” [ fl ywl3 X (0)ocu” wl fwl? B v fwl?
f1 = (W + 002 \ k ~ frk? (W + 0. (0)]2 k k2 k2
ocwl® [0 (0" f'L ., O X' (0)u” f
B "2 / / 2 f + / / 2 <0.
fE2 L+ 0ex'(0)] [0/ + 6x'(0)]

€ =

(E2)

Note that ¢y < 0 since from (36) and (40) the square bracket of the right-hand
side of ¢ is negative.

One of the four roots of (E1) is obviously (! — 1), which is negative.

Let 21, 29 and z3, where z; < 2z < z3, denote the other three roots. Since

€0 = 212223 < 0, there are two possibilities:

21 <0, 20>0, 23 >0;
(E3)
21 <0, 20 <0, 23 <O.

From the second property of (34) and the second equation of (E2),

O (0)ocu” [ fl  wl ~wl? fwl?>  ~flwld
_|._ _

[u/ +‘96X,(0)]2 ? - ? f//kQ ]{32 f”k2 ?

€1

and hence

[ [ 3
€1 = —2129 — 2923 — 2321 > 0 if f——w——f-,}/w

k k f”k2 S

From this property we find that only the first combination in (E3) is possible.
Furthermore, from the first equation of (E2)

o fl wl ywlB
€6 =21+2+23>0 if f?_?—i_}//kZ

> 0,

implying that only the first combination in (E3) is possible. Thus, there
are always two negative and two positive characteristic roots and hence a
unique dynamic path obtains since the degree of freedom in choosing the

initial values of ¢, k;, w; and z; is two.
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Figure 1: Growth and Stagnation Patterns (p > )
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(B)

0. (D)

(A) Full Employment Steady State
(B) Full Employment Growth or Unemployment Growth
(D) No Equilibrium Path

Figure 2: Growth and Stagnation Patterns (p < )
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