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1 Introduction

Many OECD countries have experienced the aging of their population over the past two
decades (OECD, 2010). Aging increases the share of old voters in population, providing
an incentive for politicians to expand expenditure on the old (Galasso, 2006). Given
the budgetary constraint, politicians might choose to finance increased expenditure by
issuing more government debt. This choice shifts the fiscal burden from current to future
generations, resulting in an increase in the debt-to-GDP ratio (Roseveare et al., 1996;
Yashiro, 1997).

Evidence seems to suggest that this scenario is playing out in Japan. Over the past
two decades, the share of the old over 65 years old has increased by 50%, the ratio of social
security expenditure to GDP has increased by 63%, and the debt-to-GDP ratio has almost
doubled, from 86% in 1995 to 172% in 2008 (OECD, 2010). However, the scenario does
not necessarily hold for other OECD countries. For the last two decades, the debt-to-GDP
ratio has always been over 100% in Greece and Italy. In contrast, the ratio decreased by
half in Australia, Denmark, Sweden, and New Zealand. In addition, the ratio has been
low and stable at approximately 50% in Norway (OECD, 2010). The evidence suggests
the need to consider another factor that explains the differences in debt-to-GDP ratio
between countries.

Song, Storesletten and Zilibotti (2011) provided a new insight, that is, the differences
between countries’ public goods preferences, into the problem of the debt-to-GDP ra-
tio. They developed a small, open, overlapping-generation model with many countries in
which countries differ in their public goods preferences. In this framework, they employed
probabilistic voting on public goods provision for which, in each period, the amount of
public goods is determined to maximize the weighted sum of the utilities of young and old
generations (see, for example, Grossman and Helpman (1998), Hassler et al. (2005) and
Song (2011), which adopt the probabilistic voting in an overlapping-generation model).

Under the aforementioned voting mechanism, Song, Storesletten and Zilibotti (2011)
characterized a Markovian political equilibrium in which policy in each period is condi-
tioned on a payoff-relevant state variable (i.e., government debt). In this equilibrium, a
country with a strong preference for public goods attains a tight fiscal policy with low
tax and low debt accumulation, whereas the other countries experience loose fiscal policy
with high tax and high debt accumulation. Specifically, debt is accumulated up to the
natural debt limit in the latter group of countries when the labor supply is inelastic.

Song, Storesletten and Zilibotti (2011) considered Scandinavian countries in the former
category and Greece and Italy in the latter. However, this interpretation does not fit
the empirical evidence in terms of taxes. The data suggest that Scandinavian countries
implement higher tax rates than do Greece and Italy (OECD, 2010). In other words,
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the positive correlation between tax and the debt-to-GDP ratio, which was shown in
Song, Storesletten and Zilibotti (2011), does not well explain the empirical tax and debt
evidence from OECD countries.

Rohrs (2010) extended the model of Song, Storesletten and Zilibotti (2011) by as-
suming a closed economy in which government debt is owned only by residents. In her
framework, debt level is below the debt limit regardless of the public goods preference.
Therefore, a closed-economy assumption resolves the accumulation of debt to the upper
bound level observed in the model of Song, Storesletten and Zilibotti (2011). However,
her closed-economy model breaks an intertemporal link via debt: there is no effect of
government debt on intertemporal resource allocation. In addition, her model still shows
a positive correlation between tax and debt.

The aim of this paper is to reconsider the models of Song, Storesletten and Zilibotti
(2011) and Rohrs (2010). Specifically, our analysis is based on the model by Rohrs (2010)
but differs from hers in that we introduce a social security payment to the old as a
government expenditure (see, for example, Grossman and Helpman, 1998; Azariadis and
Galasso, 2002; Conde-Ruiz, Galasso and Profeta, 2011). Our assumption is motivated
by the rapid increase of social security’s contribution to government expenditure due
to population aging (OECD, 2011). Under this alternative framework, we demonstrate
the following three results, which were not shown in Rohrs (2010): (i) an intertemporal
link of resource allocation via debt; (ii) multiple political equilibria; and (iii) a negative
correlation between tax and debt.

The mechanism behind the first result is as follows. In the framework of Rohrs (2010),
the government expenditure is limited to a public goods provision that is enjoyed by both
the young and the old: there is no intergenerational resource reallocation via debt politics.
In contrast, in the current framework with social security, a higher level of social security
payment to the initial old is financed at the expense of successive generations’ loss of
consumption: there is an intergenerational transfer of private goods from the young to
the old. The introduction of social security into the framework of Rohrs (2010) restores
an intertemporal link of resource allocation via government debt.

The second and the third results are obtained in the following way. In our closed-
economy framework, one unit of government bond is equivalent to one unit of saving.
Because old-age consumption is the sum of saving and social security, government bond
repayment and social security payment are perfect substitutes for households. Given this
feature, probabilistic voting on fiscal policy results in a Markovian social security policy
function that produces a one-to-one trade-off between government debt and social security.
With this policy function, the government expenditure, comprising debt repayment and
social security payment, becomes constant over time; that is, for financing expenditure,

an elected government sees no difference between tax and government debt issue. This
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property produces the second result, the multiplicity of equilibria, and the third result, a
negative correlation between tax and debt.

We introduce two extensions to the basic model to determine the robustness of our
result. The first extension is to introduce a public goods provision as an alternative means
of government spending; the second extension is to allow income heterogeneity including
two types of agents, the rich and the poor. We show that the three results in the basic
model still hold under these extended frameworks. Our analysis and results therefore sug-
gest that old-age social security is a crucial and strong factor in characterizing Markovian
political equilibrium in an overlapping-generation model with government debt.

In addition to Song, Storesletten and Zilibotti (2011) and Rohrs (2010), our work is
related to several others in the literature including Grossman and Helpman (1998), Azari-
adis and Galasso (2002), Hassler et al. (2003), Hassler et al. (2005), Hassler, Storesletten
and Zilibotti (2007), Gonzalez-Eiras and Niepelt (2008, 2011), Arawatari and Ono (2009),
D’Amato and Galasso (2010) and Conde-Ruiz, Profeta and Galasso (2011). The current
work is similar to these studies in that we focus on Markovian social security policy in
voting but differs from them in that we consider the case of an unbalanced budget, as
commonly observed in OECD countries.

The organization of this paper is as follows. Section 2 develops the basic model: the
preferences of agents are specified by the utility function with a constant intertemporal
elasticity of substitution. Section 3 characterizes political equilibria in the basic model
and provides the main result of this paper. Section 4 considers two extended models
and shows that the main result in the basic model still holds under these two extensions.
Section 5 returns to the basic model but assumes a generalized utility function and shows
that the main result in Section 2 is not affected by this generalization. Section 6 provides

concluding remarks. All the proofs are given in Appendix.

2 The Model and Economic Equilibrium

Consider a discrete-time closed economy that starts at ¢ = 0. The economy is populated
by overlapping generations of two-period-lived homogeneous agents who work in youth
(the first period of life) and retire in old age (the second period of life). Each agent has
one child, implying a constant population.
Agents consume private goods in both periods of life. The lifetime utility of a young
agent born in period ¢ is specified by
()7 —1 -1

(Cngl
a e — .
tax 1—0 +8 l1—0
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where ¢ is consumption in youth, ¢f,, is consumption in old age, § € (0, 1) is a discount
factor, and o > 0 is the inverse of the interest-rate elasticity of consumption. A lower 1/o
implies a lower interest-rate elasticity of consumption.

Agents work in youth and obtain a constant wage, y(> 0). They consume a part of
their after-tax income in youth and save the rest for their old-age consumption. They
store income from youth to old age by buying one-period government bonds. In old age,
agents obtain the return from government bonds as well as old-age social security provided
by the government and consume them.

Individual budget constraints in youth and old age are given by, respectively,

o +pdf <(1—m7)-y,

o d
Ct+1 S bt + Zt41,

where b¢ is the demand for one-period government bonds, p; is the price of a government
bond sold at time ¢, 7, € [0, 1] is a period-t labor income tax rate, and z;,1 is old-age
social security benefit.

Each agent maximizes his/her utility subject to the budget constraints. Solving the
utility maximization problem yields the consumption Euler equation that determines the

trade-off between consumption in youth and old age:

1
pe\7
¢ = (E> "Cigr-

With the budget constraints and the Euler equation, we obtain the demand function

for government bond,

IR N PR AL
Y {(1 - (%) } 0

and consumption functions in youth and old age, respectively,

Yy _ (pt/ﬁ)% . —7) - 2411

t p—t+ (pt/ﬁ)% {1=7) y+pz1}), (2)
i1 = ; —Tt) t2t 41 -

Cev1 = ot (pt/ﬁ)i {(1 )Y+ Dezey } (3)

C

The revenue of the government in period ¢ consists of newly issued one-period bonds
and a labor income tax, p;b; + 7y, where b; is the supply of bonds that pay one unit of
goods in period ¢t + 1 and 7y is the tax revenue from the young born in period ¢. The

expenditure of the government in period ¢ consists of social security payments, z;, and the



repayment of government bonds issued in period ¢ — 1, b; ;. Therefore, the government

budget constraint is given by

peb; + Ty =2+ b, VE>0. (4)

Economic Equilibrium

An economic equilibrium is defined as follows.

Definition 1. For a given sequence of policies, {r, z;, b; }3°, with an initial condition
b_1, an economic equilibrium is a sequence of allocations {cf, c?,b;}?°, and prices
{p+}$2, such that

(i) the utility maximization problem is solved for each generation t; that is, agents
maximize utility with respect to their demand for government bond, b¢, subject to

the budget constraints;
(ii) the sequence of policies satisfies the government budget constraint (4) in every period;

(iii) asset market clears at all dates: b = b = b, Vt > 0, where b; denotes the equilibrium

level of government bond.

The asset-market-clearing condition becomes

where the left-hand and right-hand sides correspond to the supply and the demand of

government bond, respectively. The price that clears the market is implicitly given by

pe = P(by, (1 - Tt) Y, Zt+1)-

With this equilibrium price, the clearing condition is rewritten as

3) - : (5)

<Iﬁ)” (L—7)-y—Ply, 1-7)-y, 211) b
bt + Zt41

With (2), (3), and (5), we can write the consumption functions as

Cg = (1 - Tt) Y= P(bta (1 - Tt) Y, Zt+1> < by, (6)
¢ = b+ zi41 (7)



The indirect utility functions of the young and the old in period ¢, denoted by V¥ and

V,°, are given by, respectively,

VY — [(1 - Tt) Y = P(bu (1 - Tt) Y, Zt+1) 'bt]l_o —1

L = +
l—0 1—0

(b1 + Zt)lfa —1

l1—0

Ve =

3 Political Equilibrium

The current paper assumes probabilistic voting in the demonstration of the political mech-
anism. In each period, the government in power maximizes a political objective function.
Formally, the political objective function in period ¢ is given by Q; = wV? + (1 — w)V}Y,
where w € [0,1] is the relative weight of old agents. An explicit microfoundation for
this modeling is explained in Persson and Tabellini (2000, Chapter 3) and Acemoglu and
Robinson (2005, Appendix).

The present paper restricts its attention to Markov-perfect equilibria, as described
by Krusell et al. (1997). Voters condition their strategies only on payoff-relevant state
variables. In the current framework, the government bond, denoted by b, is the only
payoff-relevant state variable. We specifically restrict our methods to stationary Markov
perfect equilibria of the voting game so that the policy function is time invariant.

Hereafter, we omit time indexes and use recursive notation. Let b’ denote the govern-
ment bond issued in the current period and redeemed in the next period; let 2z’ denote
the social security payment in the next period. We denote b”% as the debt limit, which

is formally defined below, and focus on the case of b > 0 throughout the paper.

Definition 2. A stationary Markov-perfect political equilibrium is a three-tuple (B, T, Z),
where B: [0,bPL] — [0,bPF] is a debt rule, T : [0,57F] — [0, 1] is a tax rule, and

Z :0,bP%] — [0, y] is a social security rule, such that

(B,T,7) = arg max Q,
{v'€l0,bPL],r€[0,1],2€[0,y]}

subject to the government budget constraint
P, (1—71)-y, 2)-V+1y=2+0,
where 2/ = Z(b').

We substitute the government budget constraint into the political objective function

to obtain the following unconstrained problem:
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The tax rate 7 disappears from the objective function because the tax revenue from the
young is returned to them via the purchase of government bonds.

The first-order conditions with respect to z and b’ are

ziw-(b+2)7—(1-w)- (y—2—-0)"7=0,
Vo1 Z'() = 0.

An analytical solution of z can be obtained by solving the first-order condition with
respect to z:
c=Zh)=—24 . (10)
L+ (552)°
The function in (10) results in Z’(b) = —1, implying that the first-order condition with
respect to b’ is satisfied for any b.
To obtain equilibrium tax and debt policy functions, we need to determine the price
that clears the asset market. We substitute the social security function in (10) into the

government budget constraint (4) with b* = b to obtain

Y

pb+ Ty =
Lt ()

Q-

Q=

We substitute this condition and 2z’ = y/ {1 + (1_—“’)

w

condition (5) to obtain (p/ﬁ)% =((1- w)/w)é, or

} — b into the asset-market clearing

p=p. 1= (11)

w
This expression represents the equilibrium price in the asset market. The following as-
sumption ensures that the price is below unity:

Assumption 1. - 1’Tw < 1.

Given the equilibrium price in (11), the government budget constraint in (4) with

b = b° becomes .
6-—_w~b'+7y:z+b. (12)
w

The debt limit, denoted by bP%, is defined as the debt level satisfying the government
budget constraint with 7 = 1 and z = 0. With p = 3(1—w)/w, bPL satisfies (8(1 — w)/w)-



bPE 4 1.y =0+bPL, or

pr=— Y 1
T p = -

The tax and debt policy functions, denoted by 7 = T'(b) € [0,1] and & = B(b) €
[0,bPL], are such that they satisfy the government budget constraint (12). Specifically,

we focus on a linear debt policy function, which is given by

where By and B; are the parameters. The tax policy function must be specified such that
the government budget constraint (12) is satisfied:
1 l—-w
T()=———5—f —— (Bo+ Bib). (15)
1+ (L) wy

w

Equilibrium policy functions are given by (10), (14), and (15). Let 2, b, and 7 denote
the steady-state values of z, b, and 7, respectively. The remaining task is to determine a set
of parameters that ensures a stable steady-state political equilibrium with z € [0,4],b €

[0, bP L} and 7 € [0,1]. The following proposition presents the set.

Proposition 1: Suppose that the following conditions hold:

1 1—w\*7
BonandBle<—1, 1——-{1+<—“’> }-BO
Y w

There exists a stable political equilibrium with z € [0,y],b € [0,bP%] and 7 € [0, 1]

described by the following linear Markov strategy:

Z() = —— b,
L+ (59)°
B(b) = By + Bib,
1 1 1—w
T(b) = - — B ——(By+ Bib).
() Y

Proof. See the Appendix.

The political equilibrium in the present economy has the following features. First,
consumption levels in youth and old-age are constant across generations. Second, a one-
unit government bond issue reduces social security payment by one unit. Third, there are
multiple political equilibria indexed by the free parameters By and B;. Because this work

addresses a stationary equilibrium, By and B, are set to be constant over time.
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The intuition behind the first feature is as follows. The aggregate resource in the
current economy is given by y: this value is constant over time. The scramble for limited
resources occurs between the young and the old in every period via the political process.
Because the political powers of the young and the old are constant over time, the frac-
tions of resources allocated to the young and the old are also constant over time. The
consumption levels in youth and old-age are constant across generations, except for the
initial old agents. Specifically, the consumption of the initial old is ¢ = b_; + 2p; the

consumption levels in youth and old age after generation 0 are, respectively,

Yy =

= and ¢ =
L+ (122)

|
al-| <

L
1 -

The second feature is due to that government bonds and social security are perfect sub-
stitute for funding old-age consumption. Recall that the old-age consumption is constant
as mentioned above. Given this property, the budget constraint in old age, ¢ = b + z,
implies that the sum of government bond repayment and social security payment is con-
stant over time. Therefore, one unit of government bond repayment is replaced by one
unit of social security payment.

Finally, to consider the third feature, notice that the government expenditure, b + z,
is constant over time:

1
btz=20b)+b=— .y

L (1)

. This constancy implies that the government revenue is also constant over time. The
constant revenue comprises tax revenue from the young and the issue of government bonds
to the young. The ratio of tax to government bonds issued for funding expenditure might
depend on the preferences of the young. However, these preferences are independent of
tax and government bonds issued because young’s consumption level in the next period
(i.e., old age) is independent of the funding mechanism, as demonstrated in the first
feature. Therefore, there are multiple political equilibria, depending on the government
expenditure funding mechanism.

Technically, a multiplicity of equilibria arises from the lack of a first-order condition
with respect to 7. The choice of the tax rate does not affect the objective function of
the government, as demonstrated in the unconstrained problem. In this situation, the
government must set three policy variables, 7, ¥', and z, by using only two first-order
conditions with respect to b’ and z. Therefore, the government can freely choose the tax
rate and the issue of government bonds as long as they satisfy the government budget
constraint.

The abovementioned features create a negative correlation between tax and govern-
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ment debt along the equilibrium path that displays monotone convergence: a lower tax
rate is associated with a higher level of government debt if B; > 0. The result of the
negative correlation is opposite to the result of the positive correlation demonstrated in
Song, Storesletten and Zilibotti (2011) in a small open economy framework and in Rohrs
(2010) in a closed economy framework. However, our result is consistent with the recent
empirical evidence in OECD countries.

In closing this section, we consider the political power of the old and its impact on
utility across generations. Specifically, we consider the utility of the initial old, denoted
by Ve and the lifetime utility of each young generation in period ¢t > 1, denoted by

Vvound - which are given by, respectively,

1—0o
wa_ ()7
yold —

1-0o
RIREE Iy (RN S [ E
KR GAEE) .

where b_; is the initial government debt. Direct calculation leads to

143

oY/ voung 8vold
<0, —

Ow T Ow > 0.

The details of the calculation are given in the Appendix. The result suggests that an
increase in the political power of the old benefits the initial old at the expense of successive

generations.

4 Extensions

To this point, we have analyzed the politics of government debt in the framework in which
(i) government spending is limited to old-age social security and (ii) each generation is
composed of homogeneous agents. In this section, we attempt to relax these assumptions
and investigate how the analysis and the results of the basic model are modified by this
relaxation.

In the first part of this section, we keep the assumption of homogeneous agents but in-
troduce public goods as an alternative form of government spending. Under this extended
framework, we consider how the tax revenue is allocated between public goods and social
security via politics. In the second part of this section, we limit the government spending

to social security, as in the basic model, but allow for two types of agents: the rich and
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the poor. We demonstrate how income is reallocated between two types of agents via

politics.

4.1 Public Goods vs. Social Security

Let g; denote the public goods provision in period ¢. The utility function of an agent in

generation t is specified by

()71 ()77 —1 <C§+1)1_0 -1 (g11)' 77 — 1
9 . ) 9.
l1—0 + l1—0 +6 l1—0 + 1—0

where (> 0) is a parameter representing the public goods preferences. An agent maxi-
mizes this utility subject to the budget constraints in youth and old age given in Section 2.
The consumption functions and the demand function for government bonds are the same
as those under the basic model in Section 2 because public goods enter into the utility
function in such a way that they have no effect on consumption and saving decisions. The
asset-market-clearing condition is implicitly given by p; = P(bs, (1—7)-y, 2t+1), or (5).

The government budget constraint is now modified to
peb} + 1y =z + g+ b]_, VE>0.

Because of the nature of public goods, the per capita level of public goods is equivalent to
the aggregate level of public goods. We substitute the government budget constraint, the
asset-market-clearing condition, and the consumption functions into the utility function.

Then we obtain the following indirect utility functions of the young and the old:

v [A=7) -y = P, <1—T>-y,z’)-b’}l‘“—lw_<b'+z'>1*“—1
1—0 l1—0
170'_1 /170'_1
+@-—(9)1_U +ﬁ9-—(9)1_0 , (16)
o (b+2)7—1 g7 —1
V:( 1)_0 +«9-()1_0 : (17)

The objective function of the government is 2 = wV°® + (1 — w)VY. We substitute
the government budget constraint and the asset-market-clearing condition (5) into 2 to

obtain the objective function in the unconstrained maximization problem:
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The tax rate disappears from the objective function in this extended framework for the
same reason it did in the basic model.
To determine the equilibrium policy functions, we solve the unconstrained optimization

problem and obtain the first-order conditions with respect to z, g, and ¥':

z:w-(b+2) 7 —-(1-w)- (y—2—9g—0)"7=0,

g:(l-w) - (y—2—g—-0)7-0-(9)7 =0,

AR n—o a_zl N—o 8_9/_
v (b +2) <1+ab,>+9 (9" i

Analytical solutions of z and g are obtained by solving the first-order conditions with

respect to z and ¢ for z and g, respectively,

z=Z<b>=¢-(1‘T°")i yb (18)
g=Gb)=o- (“T“’)y (19)
where .
6= :

()7 {1+ (55) 7} + (554)°
The functions in (18) and (19) result in Z’(b) = —1 and G'(b) = 0, implying that the
first-order condition with respect to &’ holds for any b.

The remaining task is to determine the functional forms of tax and debt policy func-
tions in the same manner as in the previous section. First, we compute the price that
clears the asset market. We substitute the social security policy function (18) and the gov-
ernment budget constraint into the asset-market-clearing condition given by (5). Then,

l-w

we obtain p = (- < 1, where p < 1 holds under Assumption 1. The price in the
current economy is equivalent to that in the basic model because here public goods have
no direct effect on economic decisions. With p = - (1 — w)/w, the government budget

constraint is reduced to

5.1—_w.b/+7y:¢.{<1—_wy+(F_W)“}.y,
w 0 w
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Next, we focus on a debt policy specified by a linear function, B(b) = By+ B; -b. The
equilibrium tax policy function must be set to satisfy the abovementioned government

budget constraint:

}—ﬁ-l_—w-(BngBlb).
wy

o
=
Il
-
—
/N
—
%‘ |
&
N——
alm
+
/N
—_
I
&
N—
Q

Following the same procedure as in the previous section, we identify a set of parame-
ters, By and B, that ensure a stable steady-state political equilibrium with z € [0,],b €
[0,6PL] and 7 € [0, 1].

Proposition 2. Suppose that the following conditions hold:
Boz()cmdBle —1,1——'—'30

There exists a stable political equilibrium with z € [0,y],b € [0,bP%] and 7 € [0, 1]
described by the following linear Markov strategy:

z0) =6 (52) w0

Q=

2
=
Il
<
VRS
—
‘|
&
N———
Q
=

Proof. See the Appendix.

The result in Proposition 2 indicates that an introduction of public goods does not
qualitatively affect the property of the political equilibrium in the basic model. The
extended model still has the following features, which were embodied in the basic model:
(i) a multiplicity of equilibria depending on the parameters By and Bj; (ii) a one-to-one
trade-off between government bond issue and social security payment; and (iii) a negative
correlation between tax and government debt along the equilibrium path that displays
monotone convergence.

In addition to these features, a notable feature of the extended model is that there
remains an intertemporal link such that the debt policy function depends on the previous

level of government debt. This result counters the argument by Rshrs (2010). In the closed
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economy model with public goods but without old-age social security, she demonstrated
that the policy function for debt is flat and thus independent of the previous level of
government debt. Based on this result, she argued that the result of a flat level of debt
is a generic feature of the closed economy model. However, our result indicates that an
introduction of old-age social security into her model breaks an intertemporal dichotomy.

The result in Proposition 2 shows that the level of public goods provision is constant
and independent of the free parameters By and B;. Thus, we can perform a comparative
statics analysis to examine the effect of the political power of the old on public goods

provision. The following corollary summarizes the result. Proof is given in the Appendix.

Corollary 1. Consider an increase in w that implies an increase in the political power
of the old.

(i) Suppose that 1/o > 1. There is an inverse U-shaped relationship between w and the

equilibrium public goods provision: 0g/0w z 0 if and only if w ; 1/2.

(ii) Suppose that 1/o < 1. There is a U-shaped relationship between w and the equilibrium
public goods provision: 0g/0w E 0 if and only if w E 1/2.

(iii) Suppose that 1/o = 1. There is no effect of w on the public goods provision:

To investigate the result in Corollary 1, we examine the first-order condition with

respect to g in the unconstrained optimization problem, given by

(1-w)-(y—2—g—b"= 0-(9)7 ,
Marginal cost Marginal benefit

where the left-hand side and right-hand side show the marginal cost and benefit of public
goods provision, respectively. The condition states that an increase in w has the following
two opposing effects. First, given z and b, such an increase lowers the marginal cost of
public goods provision, giving the government an incentive to choose a higher level of
public goods provision to equate the marginal cost and benefit. This effect has a positive
impact on public goods provision. Second, an increase in w gives the government an
incentive to choose a higher level of social security, resulting in a larger marginal cost
of public goods provision given g and b. The government chooses a lower level of public
goods provision to balance the marginal cost and benefit of public goods provision.
Which effect overcomes the other depends on the interest-rate elasticity, 1/0. If the
elasticity is high (1/o > 1), the positive effect overcomes the negative one when the
initial political power of the old is low (w < 1/2). However, the negative effect overcomes
the positive one when the initial political power of the old is high (w > 1/2). The two

opposing effects offset each other at w = 1/2. Therefore, there is an inverse U-shaped

15



relationship between w and ¢ if 1/0 > 1. The result is reversed when the elasticity is low
(1/0 < 1): there is a U-shaped relationship between w and g. The two effects are always
offset each other if 1/0 = 1.

4.2 Rich vs. Poor

Suppose that there are two types of agents, the rich and the poor. The proportion of
the rich in each generation is 1 — 7 € [0, 1], and the proportion of the poor is w. The
proportion is stationary across generations.

The rich work in youth and retire in old age; the economic behavior of the rich is
similar to that in the basic model. Therefore, the demand function for government bonds

is given by (1), and consumption functions in youth and old-age are

Cyr o (pt/ﬂ)i

o+ ()B)7
1

pi + (pe/B)

(1 =7) -y + przega]

or

Ciy1 = (L =7) -y + pezega)

al=

where ¢/" and ¢}, denote consumption of the rich in youth and in old age, respectively.
The poor are assumed to be unemployed or unable to work in youth. They receive
social security benefits in both periods of life. In addition, because of the lack of labor
income, they are assumed to be unable to access financial markets: they consume their
social security benefits within each period. Under these two assumptions, the utility of

the poor in generation ¢ becomes

,Ut)l—a -1 (Ut+l)1_g -1
VP — ()" —1 LAy T2
K l1—-0 P l1—-0

)

where v; is the per capita social security payments to the poor in period t. We allow for
the possibility that the old-age social security for the poor, vy, could be different from
that for the rich, z;,4.

The government budget constraint is

bl + (1 —7) -y = (1 —7m) -z + 270, + b4

On the left-hand side, the second term, (1 —)- 7y, is the tax revenue from the rich young
agent. On the right-hand side, the first term, (1 — 7) - 2z, is the social security payments
to the rich old agents; the second term, 27vy, is the social security payments to the poor
young and old.

The asset-market-clearing condition is b = (1 — 7) - b%. With b = b; and the demand
function in (1), the clearing condition is implicitly given by p; = P (1 — 1) - y, by, 2441),

16



or

p\7 (=m0 —7)-y—Plb, (1—7)-y, 21)- by
(E) a b, + (1 — 7T) C 2 : ' (20)

Withp, = P((1 —7;) -y, by, z+1) and the private and government budget constraints,

we can write the indirect utility functions of the rich young and the rich old as follows:

VY = {(1—Tt)~y—ﬁ~P((1—Tt)-y, be, Zt+1)'bt}1_a—1+ﬂ.

l1—-0
-1

1—0o

(25 b1 + 2)
1—0

or __
V; =

The political objective function is a weighted average of the indirect utility functions

= w ATV + (=) VT (=) {7V + (L= m) - V)

The task of the government in period ¢ is to maximize {2; subject to the government

budget constraint:
P ((1 — Tt) Y, bt, Zt+1) . bt + (]. — 7T) Y = (1 — 7T) * 2t + 27T7.)t + bt—l- (21)

We substitute the government budget constraint into €2; to obtain the objective function

in the unconstrained problem with recursive notation:

(ﬁ~b+z)1_g—1

Q=w(l—m)-
w( ) T
27 1 -0 1 / nl-o
Y-z v—15b) -1 (v +7) 1
1— 1— .
+(1—w)(1 -7 o +p mes
(U)l—o -1 ( /)1—0’ 1
1—
+ T + ( )3 T

By replacing v with g, we observe that the current objective function has a qualitatively
similar form as that in Subsection 4.1. Therefore, we can determine the equilibrium policy
functions and price following the same procedure as in Subsection 4.1 (See Appendix for

the calculation details).
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Proposition 3. Suppose that the following conditions hold:

1 1
Bozo(lndB1€<—1,1—:' ‘BO

0 52 (1-w) ey

There exists a stable political equilibrium with z € [0,y],b € [0,bP%] and 7 € [0, 1]
featured by the following linear Markov strategy:

20) =6 5 {2 (-w)} y— = b,
v =5 (o)

B(b) = By + By,

where

Proof. See the Appendix.

The political equilibrium in the current model shows the same property as does the
equilibrium in Subsection 4.1 because the objective function here is qualitatively simi-
lar to that in Subsection 4.1. Therefore, the current model still has the three features
embodied in the basic model: (i) a multiplicity of political equilibria; (ii) a one-to-one
trade-off between government bond issue and social security payment; and (iii) a negative
correlation between tax and government debt along the equilibrium path that displays
monotone convergence.

In the current framework with the rich and the poor, the size of social security payment
to the poor is constant and independent of the free parameters By and B;. Thus, we can
perform a comparative statics analysis to examine the effects of the political power of the
old, w, and the share of the poor, 7, on the size of social security payment to the poor,
v. The following two corollaries summarize the effects of w and 7 on v. Proof is given in

the Appendix.

Corollary 2. Consider an increase in w that implies an increase of the political power

of the old.

(i) Suppose that 1/o > 1. There is an inverse U-shaped relationship between w and the
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size of social security payment to the poor: 0v /0w z 0 if and only if w § 1/2.

(ii) Suppose that 1/o < 1. There is a U-shaped relationship between w and the size of

social security payment to the poor: 0v/0w ; 0 if and only if w ; 1/2.

(iii) Suppose that 1/ = 1. There is no effect of w on the size of social security payment
to the poor: 0v/0w = 0.

Corollary 3. An increase in the share of the poor results in a smaller size of the social

security payment to the poor: 0v/dn < 0.

The result in Corollary 2 is qualitatively similar to that in Corollary 1. The similarity
is due to that social security payment to the poor in the current model plays the same
role as do public goods in the former model at the stage of government optimization. We
can apply the interpretation for the result in Corollary 1 to the result in Corollary 2.

Corollary 3 states that an increase in the share of the poor results in a decrease, rather
than an increase, in the size of social security payment to the poor. The mechanism behind
this counterintuitive result is simple: in an economy with a fixed endowment, an increase
in the share of the poor yields a decrease in the tax base while it increases recipients.

Therefore, the benefit per person decreases in response to an increase in the poor.

5 Discussion

The analysis to this point has been based on the individual preferences specified by the
utility function with a constant intertemporal elasticity of substitution. Under this specifi-
cation with the notion of stationary Markov perfect equilibrium, we obtained the following
three properties of political equilibrium: (i) a multiplicity of equilibria, (ii) a one-to-one
trade-off between government bond issue and social security payment, and (iii) a negative
correlation between tax and government debt along the equilibrium path that displays
monotone convergence.

From a robustness perspective, we next investigate whether these properties still hold
under a generalized utility function. Our focus is on the economy with the social security

and public goods considered in Subsection 4.1. We assume the utility function of the form

u(cl) +0-9(g) + 8- {ulcf 1) +0-¢(g41)}

where u(-) and 1(-) are strictly increasing, strictly concave, and twice continuously dif-
ferentiable functions with lim. ,o(du/dc) = +oo and lim, ,¢(diy/dg) = 400 and where

6(> 0) is an exogenous parameter that represents the public goods preference.
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The objective function of the government is = wV°+ (1 —w)V¥. After some manip-
ulation, we obtain the objective function {2 in the unconstrained optimization problem in

a recursive form:

Q=w-ub+z2)+(1-w) - [uly—2—g—>0)+ 5 u(® + 2
+0-9(g) +(1—w)-B-0-9(g).

Derivation of this function is given in the Appendix.

The first-order conditions with respect to z, g, and b are, respectively,

ziw-u'(b+2)—(1—w)-u(y—z—g—0)=0,

g:0-v(g)—1-w)-uv(y—2z—g—0)=0,
07 og’
b/ . !/ bl / . 1 -~ 9 . / / Lo
W) (1455 ) 409 G =0,
where u/(-) and ¢/(-) represent first derivatives.

Suppose that the policy functions of social security and public goods are given by

{z:ﬂmzz—a (22

g=G(b) =G,

where Z € (0,y) and G € (0,y) are determined by the first-order conditions with respect

to z and g¢:

, (23)

Under the assumption of u and v, there is a unique pair of Z € (0,y) and G € (0,y)
that satisfy the above two conditions. The guess in (22) results in a constant objective
function that is independent of b, ¥', and 7. In addition, the first-order conditions with
respect to b’ are also satisfied under the guess in (22) because (22) results in 1+ 02/l =
1—1=0and 0¢'/Ob’ = 0. Therefore, the two functions in (22) are the equilibrium policy
functions of social security and public goods.

The next task is to show that the equilibrium price is p = - (1 — w)/w. We utilize
the government’s first-order condition with respect to z and the policy functions in (23)

to write the ratio of marginal utilities in youth and old age as
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We substitute this into the consumption Euler equation to obtain:

p—ﬁUI(cz)—ﬁl__w<1
w

where an inequality holds under Assumption 1.
The final task is to determine the equilibrium tax and debt policy functions. With

p=0"(1—w)/w, the government budget constraint is
l-w - =
B— 0V +1y=2+0G.
w
We focus on a linear debt policy function specified by
B(b) = By + Bsb. (24)

Given this debt policy function, the tax policy function is set to satisfy the above govern-

ment budget constraint:
+———-——(Bo+ Byb). (25)

The equilibrium policy functions are given in (22), (24) and (25). We can verify
that the three properties described at the beginning of this section still hold under the

assumption of a generalized utility function.

6 Conclusion

This paper reconsidered the models of Song, Storesletten and Zilibotti (2011) and Rohrs
(2010) who investigated intergenerational conflict over government debt, tax, and public
goods. Specifically, our analysis is based on the closed-economy model by Rshrs (2010) but
differs from the previous two studies in that, instead of public goods, we introduce social
security payment to the old as government expenditure. Under this alternative framework,
we demonstrate the following three results: (i) an intertemporal link of resource allocation
via debt; (ii) multiple political equilibria; and (iii) a negative correlation between tax and
debt.

The first result, which was missed in Rohrs (2010), can be restored by the introduction
of social security. The second and the third results come from the one-to-one trade-off
between government debt and social security: this property is specific to our closed-
economy framework with social security payment to the old. Specifically, the third result,
which is opposite to that in Song, Storesletten and Zilibotti (2011) and Réhrs (2010),
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is consistent with the empirical evidence from OECD countries. These three results are
robust to the introduction to public goods as additional government expenditure or to
the income heterogeneity within a generation.

The main caveat of our analysis lies in the assumption of a closed economy: the
government debt is solely owned by the residents. This assumption approximates the
situation, in Japan where the proportion of government debt held by non-residents is
approximately 5%. However, the proportion is more than 40% in Italy and Spain, which
also face a massive budget deficit, as does Japan (Artus, 2010). An introduction of social
security payment to the old into the small open economy framework of Song, Storesletten
and Zilibotti (2011) will provide more insight to the politics of government debt; this

extension is left to future work.
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7 Appendix

7.1 Proof of Proposition 1

Proof of Proposition 1.
First, we define a set (B, B;) that ensures a stable steady-state equilibrium with

b € [0,bPL]. From the equilibrium debt policy function in (14), b is given by

By
1-DB;,

b= (26)

Expression (14) requires that B; € (—1, 1) for the stability of the equilibrium path of b.
Under the assumption of B; € (—1,1), we obtain

With (13), which defines bP%, we can rewrite b < bPL as

b< bl o Blg1—1.{1—ﬁ~1_—“’}.30.
Yy w

Therefore, there exists a stable b € [0, bP L] if By and B satisfy the following:

By > 0, (27)
Ble(—l,l—l-{l—ﬁ-l_—w}-Bo]. (28)
Yy w

Second, we determine a set (By, B;) that ensures zZ € [0,y]. Under the conditions of
(27) and (28) for By and By, it always holds that z < y; and z > 0 is rewritten as

1
1 1-w\?
>0 & Blg1——.{1+(—”) }~BO. (29)
Yy w

Third, we determine a set (By, By) that ensures 7 € [0,1]. Under the conditions of
(27) and (28), 7 > 0 and 7 < 1 are rewritten as follows:

1 1—w\7 1—
Yy w w
1—(4)l
_—*\0o 1_ B
PR LR ET o
14 1—_w)3 wy 1-5B



The condition (31) always holds because the left-hand side is negative and the right-hand
side is positive under the conditions of (27) and (28).

The analysis so far indicates that the existence of a stable steady-state equilibrium
with z € [0,y], b € [0,6PF], and 7 € [0,1] requires (27), (28), (29), and (30). These

conditions are summarized in Proposition 1.

[ |
7.2 Effect of w on Utility
Direct calculation leads to
oveld >0
Ow ’
1—0 1
gyvouns y 1 (1-w\°" (1 1-w
ow 14+ ( 1—_w)§ o w w w?
l1—0o
1 1-— o
RETESE {<Tw> w}*%
1+ (=2)° -
The derivative 9V¥°*"9 /Qw implies
8Vy0ung > < 1 — W
g 2V 120~
Under Assumption 1, we obtain dV¥°“"9 /Jw < 0.
[ |

7.3 Proof of Proposition 2

The debt policy function B(b) = By + B;b requires By € (—1,1) for the stability of the
steady-state equilibrium. The steady-state level of b, denoted by b, is b = By/(1 — By).
Therefore, b > 0 holds if and only if By > 0 under the assumption of B; € (—=1,1).
The debt limit is still given by L in (13). Thus b < bPF requires
b < bPL @Blgl—l-{l—ﬁ-l_—w}-Bo.
y w

A pair (By, B;) must satisfy the following for the existence of a stable path of {b} that
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converges to the steady state with b € [0, bPL]:

By >0
102 ) - (32)
Bie(-1,1-1-{1-8-122}.B,|.

Next, we determine a set (By, By) that ensures z € [0,y]. Under the abovementioned

conditions in (32), it always holds that z < y; and z > 0 is rewritten as

Third, we determine a set (By, B;) that ensures 7€[0, 1]. With the debt policy function
given in Proposition 2 and b = By/(1 — B;), the steady-state level of 7 is

_ 1—w : 1—w : 1—w By
T—¢'{(T) +<T> }—5' o 1-B

We obtain

1
T>0 & B<l—-—-

Vot

and

T<l&

-1 . :
1 1
(1;w)§'{1+(1;w)5}+(1;w)3 wy 1—-5B
The second condition always holds because the left-hand side is negative and the right-

hand side is positive for any feasible By and B;. The conditions derived so far are

summarized as in Proposition 2.
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7.4 Proof of Corollary 1

The level of public goods is

1
o

Differentiation of the term {(1 — w)% + (w) } with respect to w leads to

<1 el
d{(l_w);_F(w)é} ;O <:>{ wii 1f;>1,
w=1 ifL>1
dw < 2 o )
=0 if 2 =1.

Given this result, we obtain the result in Corollary 1.

7.5 Proof of Proposition 3

To determine the equilibrium policy functions, we solve the unconstrained optimization

problem and obtain the following first-order conditions with respect to z, v, and ¥':

oy
Q=w(l-m) (17r )
l1—0
_Z_Q_W.U_L 170._1 L.b/_i_zllia_l
+ (1 —W)(l o 7T) (y 1—m 1 1—7 ) +ﬂ . (1—7r )
—0 l1—0
(U)l—a -1 ( /)1—0 1
o 1—0 + (L —w)md 1—0

/. . 1 / /_(7 1 8_Z/ N—c 8_”/7
b (1—m) (1—7r b—l—z) (1—7r+8b’ + - (V) 8b’_0'

The first-order conditions with respect to z and v lead to the following analytical
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solutions:

1;—ﬂ'{2~(1—w)}§ ]
A= ; T Ty - b (33)
r{2-(1-w)}e {1+(1*TW)U}+(1;W)U 1_nx
v=V(b) = = (207 . o

B (o {1t () ) ()

The functions in (33) and (34) result in Z'(b') = —1 and V'(¥') = 0, respectively. These
results imply that the first-order condition with respect to b’ is satisfied for any b.

The next task is to determine the functional forms of the tax and debt policy functions.
First, we compute the price that clears the asset market. With the social security policy
functions, (33) and (34), and the government budget constraint, (21), the asset-market-
clearing condition (20) is reduced to p = 8- (1 —w)/w < 1, where p < 1 holds under
Assumption 1.

Given (33) and (34) and the equilibrium price, the government budget constraint is

now reduced to

xalifw+ufwowy:a{1‘”42«wa#+(113)}~%

2T

where
~ 1

¢z(1—7r)~2;:'{2.(1_@}3,.{1+(1‘7”);}+(1‘7“’);'

We focus on a debt policy function specified by a linear policy function, B(b) =

[y

By + By -b. The equilibrium tax policy function must be set to satisfy the aforementioned

government budget constraint:

Tzfvaz1fﬂ-{1;f-w-a—w»i+<l§ﬂ);}

1 1l—w
_(l—w)-y'ﬁ.

- (Bo + Byb).

In what follows, we seek to determine a set of parameters, By and By, that ensure a stable
steady-state political equilibrium with z € [0,],b € [O, bP L}, 7€ [0,1], and © € [0, y].
The debt policy function, B(b) = By + Bj - b, requires By € (—1,1) for the stability of
the steady-state equilibrium. The steady-state level of b, denoted by b, is b = By /(1 — B).
Therefore, b > 0 holds if and only if By > 0 under the assumption of B; € (—1,1).
The debt limit, denoted by bP%, is derived by setting 7 = 1 and z = v = 0 in the

27



government budget constraint (21). With p = 8- (1 — w)/w, bPL becomes

oo — (L—my
S 1-pe

and b < bPL requires

b< Pl o Blgl_;. 1_@.1__("} - By.
(I—m)-y w

A pair (By, By) must satisfy the following for the existence of a stable path of {b} that
converges to the steady state with b € [0, b7%]:

BO>O

{B1€< L1— gt - {1- 8- 52} - Bo|

Next, we derive the condition that ensures zZ € [0,y]. Under the assumption of (35),

it always holds that z < y. With (33) and b = By/(1 — B;), we have

(35)

o2 —wpr - {1 ()7 )+ ()7
(L=m)- 57 {2- (1 - w)}7 -y

Third, we determine a set (By, B;) that ensures 7 € [0,1]. With b = By/(1 — By), the

steady-state 7 becomes

f:1;6W.{12_:,{2,(1_w)};+(1—7w)1

which leads to

‘1-B,

Q
——
|

—
|
ﬁ =
<
@
—_
(Sl
&
v
o

11—
F>0eB <1--.3.—2
y w

Le {2 (1-w)}? {1+( )flf}+(1—_w)i'
(1—%)-{12__:.{2.(1_“))};_’_(1__“,)

X

F<le o {2 (0w + (2) 1
Lr. (9. (1-w)}? {1+( Leyed oy (22)7
1 1—w By

<(1—7r)-y'ﬁ. w 1-B;

where 7 < 1 holds for any pair (By, B) satisfying (35). The conditions derived so far are
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summarized as in Proposition 3.

7.6 Proof of Corollaries 2 and 3

The social security payment to the poor is
1 (1 s
o~ p— w o
i (=)
T w

_l-7 1 (l-w)
T ey {1 ()7 ) () (=)
Y

@ {@r 1w

Q=

Because w has an effect on v through the term {(w)i + (1 - w)i }, we can apply the result
in the proof of Corollary 1. The effect of 7 on v is observed from the term 27 /(1 — 7) of

the denominator in the third line.

7.7 Derivation of the government objective function in Section
5

An agent maximizes his/her utility
u(cf) +0-9(ge) + 8- {ulcl ) + 0 (g1) }
subject to the budget constraints in youth and old age:

c‘q,f%—ptb‘ti <(1-m7)-y,

Cg_‘_l S bf + Zt41-
Solving the problem yields the consumption Euler equation
Bu'(cln) = pe- (),

We substitute the budget constraints into the above consumption Euler equation to

obtain the demand function of government bond:

bil = bd ((1 - Tt) Y, ZtJrl’pt) .
29



The asset-market-clearing condition, b = b¢ = b;, gives an equilibrium price implicitly

given by
pe=Pby, (1—74) Y, 241).

The government budget constraint is
pebi + Ty =2+ g + 0.
With (36) and (37) with b; = b;, the consumption in youth becomes

¢/ =01—-m) y—Ply, (1=7) Y, 2e01) bt
=y — 2z — g — b1,

where the second line comes from (37), and the consumption in old age is

o (]
Ciy1 = bt + Zt+1,C = bt—l + 2.

(36)

(37)

(39)

By the use of (38) and (39), we can derive the objective function in the unconstrained

problem, as demonstrated in Section 5.

30



References

1]

2]

3]

[4]

[5]

(6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

Acemoglu, D., and Robinson, J.A., 2005. Economic Origins of Dictatorship and

Democracy. Cambridge University Press.

Arawatari, R., and Ono, T., 2009. A second chance at success: a political economy

perspective. Journal of Economic Theory 144, 1249-1277.

Artus, P., 2010. Could an OECD country default on its sovereign debt? In
our opinion the answer is no. Economic Research No. 83, NATIXIS. Available at
http://cib.natixis.com/flushdoc.aspx?id=52010

Azariadis, C., and Galasso, V., 2002. Fiscal constitutions. Journal of Economic The-
ory 103, 255-281.

Conde-Ruiz, J.I., Galasso, V., and Profeta, P., 2011. The role of income effects in

early retirement. Journal of Public Economic Theory, forthcoming,.

D’Amato, M., Galasso, V., 2010. Political intergenerational risk sharing. Journal of
Public Economics 94, 628—637.

Galasso, V., 2006. The Political Future of Social Security in Aging Societies. MIT

Press.

Gonzalez-Eiras, M., and Niepelt, D., 2008. The future of social security. Journal of
Monetary Economics 55, 197-218.

Gonzalez-Eiras, M., and Niepelt, D., 2011. Ageing, government bud-
gets, retirement, and growth. FEuropean FEconomic Review, forthcoming.
doi:10.1016/j.euroecorev.2011.05.007

Grossman, G., and Helpman, E., 1998. Intergenerational redistribution with short-

lived governments. Economic Journal 108, 1299-1329.

Hassler, J., Krusell, P., Storesletten, K., and Zilibotti, F., 2005. The dynamics of
government. Journal of Monetary Economics 52, 1331-1358.

Hassler, J., Rodriguez Mora, J.V., Storesletten, K., and Zilibotti, F., 2003. The

survival of the welfare state. American Economic Review 93, 87-112.

Hassler, J., Storesletten, K., and Zilibotti, F., 2007. Democratic public good provi-
sion. Journal of Economic Theory 133, 127-151.

31



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Krusell, P., Quadrini, V., and Rios-Rull, J-V., 1997. Politico-economic equilibrium

and economic growth. Journal of Economic Dynamics and Control 21, 243-272.
OECD, 2010. OECD Factbook 2010. OECD, Paris.

OECD, 2011. Pensions at a Glance 2011: Retirement-Income Systems in OECD and
G20 Countries. OECD, Paris.

Persson, T., and Tabellini, G., 2000. Political Economics: Explaining Economic Pol-
tcy. MIT Press.

Rohrs, S., 2010. Public debt in a political economy. Available at
https://sites.google.com/site/sigridroehrs /research

Roseveare, D., Leibfritz, W., Fore, D., and Wurzel, E. 1996. Ageing Populations,
Pension Systems and Government Budgets: Simulations for 20 OECD Countries.
OECD Economic Department Working Papers No.168.

Song, Z., 2011. The dynamics of inequality and social security in general equilibrium.
Review of Economic Dynamics 14, 613-635.

Song, Z., Storesletten, K., and Zilibotti, F., 2011. Rotten parents and disciplined
children: a politico-economic theory of public expenditure and debt. Available at

http://www.econ.uzh.ch/faculty /zilibotti/publications/ssz110417 revision ectca.pdf

Yashiro, N., 1997. Aging of the population in Japan and its implications to the other

Asian countries. Journal of Asian Economics 8, 245-261.

32



	no.229_dpcover.pdf
	no.229←1133-1.pdf

